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We study a number of local and global classification problems in generalized complex 
geometry. Generalized complex geometry is a relatively new type of geometry which has 
applications to string theory and mirror symmetry. Symplectic and complex geometry 
are special cases. 

In the first topic, we characterize the local structure of generalized complex manifolds 
by proving that a generalized complex structure near a complex point arises from a 
holomorphic Poisson structure. In the proof we use a smoothed Newton's method along 
the lines of Nash, Moser and Conn. 

In the second topic, we consider whether a given regular Poisson structure and trans- 
verse complex structure come from a generalized complex structure. We give cohomologi- 
cal criteria, and we find some counterexamples and some unexpected examples, including 
a compact, regular generalized complex manifold for which nearby symplectic leaves are 
not symplectomorphic. 

In the third topic, we consider generalized complex structures with nondegenerate 
type change; we describe a generalized Calabi-Yau structure induced on the type change 
locus, and prove a local normal form theorem near this locus. Finally, in the fourth 
topic, we give a classification of generalized complex principal bundles satisfying a cer- 
tain transversality condition; in this case, there is a generalized flat connection, and the 
classification involves a monodromy map to the Courant automorphism group. 
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Chapter 1 
Introduction 



In this thesis we study several problems in the local and global classification of generalized 
complex manifolds. Generalized complex geometry is a generalization of both symplectic 
and complex geometry, introduced by Hitchin [19] . and developed by Gualtieri (we refer 
to his recent publication [17] rather than his thesis), Cavalcanti [11] and others. Its 
applications include the study of 2-dimensional supersymmetric quantum field theories, 
which occur in topological string theory, as well as compactifications of string theory 
with fluxes [15] . and the study of mirror symmetry [3] [10] . 

Whereas a complex manifold may be defined by an integrable complex structure on 
the tangent bundle, a generalized complex manifold is given by an integrable (in some 
sense) complex structure on an extension of the tangent bundle by the cotangent bundle, 
called a Courant algebroid. Chapter- by-chapter, we introduce a number of points of view 
on generalized complex structures as needed — as deformations of complex structures, as 
complex pure spinor line bundles, as complex structures on abstract Courant algebroids. 

The chapters of this work are being prepared for publication separately, and this fact 
is evident in the organization of the work. For example, some introductory material is 
reiterated. 
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Chapter 1. Introduction 

1.1 Summary of the chapters 
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Chapter 2: Local holomorphicity of generalized complex struc- 
tures 

A generalized complex structure determines a Poisson structure and, transverse to its 
symplectic leaves, a complex structure. In fact, Gualtieri showed that near a regular 
point of a generalized complex manifold, there is a local normal form constructed as the 
product of a symplectic manifold with a complex manifold [IT] . However, near points 
where the Poisson rank changes, much less was known. Abouzaid and Boyarchenko 
PQ showed that near any point of a generalized complex manifold there is a local model 
constructed as the product of a symplectic manifold with a generalized complex manifold 
whose Poisson tensor vanishes at the point (similar to Weinstein's result on the local 
normal form of a Poisson structure). 

The question that remains of the local structure, then, is: what do generalized com- 
plex structures look like near a point with vanishing Poisson tensor, that is, near a point 
of complex type? Every known example arose from a deformation of a complex structure 
by a holomorphic Poisson structure. In Chapter 1, we prove that this is always the case. 
We use a Nash-Moser type rapidly-converging algorithm on shrinking neighbourhoods, 
in the style of Conn [12] , adapting a more modern formalism of "scaled C°° spaces" from 
Miranda, Monnier and Zung |26j . 

Chapter 3: Generalized complex structures on symplectic folia- 
tions 

In this chapter, we give answers to the question "when are a regular Poisson structure, 
along with a complex structure transverse to its leaves, induced by generalized complex 
structure?" Working within the pure spinor formalism of generalized complex geometry, 
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we show that a necessary and sufficient condition is the existence of certain integrating 
forms satisfying a system of differential equations. We give more concrete criteria in 
the case of smooth symplectic families over a complex manifold — these are fibre bundles 
with leafwise symplectic structure. We find that, as a necessary condition, the relative 
cohomology of the symplectic form should be pluriharmonic under the Gauss-Manin 
connection. Thus, we find examples of smooth symplectic families which are not induced 
by generalized complex structures. 

If a smooth symplectic family induced by a generalized complex structure is a surface 
bundle, or in higher dimensions if certain topological conditions are satisfied, we show 
that it is in fact a symplectic fibre bundle, that is, it has symplectic trivializations. (We 
use this result in Chapter 4.) However, these conditions are quite special, and we give an 
example in 6 dimensions of a smooth symplectic family which is generalized complex but 
which is not a symplectic fibre bundle, that is, its fibres are inequevalent as symplectic 
manifolds. 

Chapter 4: Nondegenerate type-change loci 

Type change in generalized complex geometry is the phenomenon that the number of sym- 
plectic and complex dimensions may vary from place to place on a generalized complex 
manifold. In this chapter, a joint project with Marco Gualtieri, we study the phenomenon 
of type change in high dimensions. (Some work on the 4-dimensional case is in [S] and 
elsewhere.) Subject to a nondegeneracy condition, we show that the type-change locus 
inherits the structure of a generalized Calabi-Yau manifold [19], that is, the canonical line 
bundle of the reduced generalized complex structure on the locus has a closed section. 
Furthermore, subject to compactness and connectedness conditions, we show that such 
a locus has the structure of a smooth symplectic family over an elliptic curve. 

We give a characterization of neighbourhoods of nondegenerate type change loci, by 
showing that the generalized complex structure near such a locus induces a certain linear 
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generalized complex structure on its normal bundle, and then showing that this structure 
is equivalent to the original generalized complex structure near the locus. 

Chapter 5: Generalized complex flat principal bundles 

Even if two generalized complex structures share their induced Poisson and transverse 
complex structures, they may be inequivalent. Thus, in this chapter, we turn from the 
existence question to a question of classification. We consider a notion of group action 
on generalized complex manifolds. When such an action is free and proper, and satisfies 
a complementarity condition between the orbits and the symplectic leaves, we will have 
a generalized complex principal bundle; furthermore, the symplectic leaves will induce a 
generealized complex flat connection. 

Therefore, in order to study this case, we give a definition of generalized complex 
flat principal bundles, and prove that free and proper generalized complex group actions 
(satisfying the complementarity condition) are examples of such bundles. We prove 
a classification result, analogous to the classification of (non-generalized) flat principal 
bundles by their monodromy. Because the automorphism group of a Courant algebroid 
is larger than the diffeomorphism group of the underlying manifold, there are "non- 
geometric" degrees of freedom. We study this situation in more detail when the group 
is a torus, in which case a very explicit description of the extra degrees of freedom is 
given. 



Chapter 2 



Local holomorphicity of generalized 
complex structures 

2.1 Local structure of generalized complex structures 

Definition 2.1.1. A generalized complex structure on a manifold M is a complex struc- 
ture, J 2 = —1, on the vector bundle TM ©T*M, which is orthogonal with respect to the 
standard symmetric pairing, and whose -M-eigenbundle is involutive with respect to the 
Courant bracket, defined as follows: let X, Y e YiTM) and £,77 e T(T*M); then 

[X + £, y + 77] = [X, y] Lie + £ x r/ - t yde- (2.1.1) 

The Courant bracket (actually, in this form, due to Dorfman |13j ) usually has an 
additional twisting term involving a closed 3-form. However, every such bracket is in a 
certain sense locally equivalent to the untwisted bracket above, and since this chapter 
studies the local structure of generalized complex structures, we ignore the twisting for 
now. 
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Example 2.1.2. If u : TM — > T*M is a symplectic structure, then 



Jt,: 



-co- 1 
u 



is a generalized complex structure. 



Example 2.1.3. If I : TM — > TM is a complex structure, then 



Ji 



-I 

I* 



is a generalized complex structure. 

Remark 2.1 A. A generalized complex structure may be of complex type or symplectic 
type at a point p, if it is of one of the above forms on T p M ©T* M , while having a different 
type elsewhere. 

Example 2.1.5. If J\ is a generalized complex structure on Mi and J 2 is a generalized 
complex structure on M 2 , then J\ x J 2 is a generalized complex structure on M\ x M 2 
in the obvious way. 

Definition 2.1.6. A Courant isomorphism $ : TM © T*M — ► TN © T*iV is a vector 
bundle isomorphism of TM © T*M to TiV © T*N which respects the Courant bracket, 
the symmetric pairing, and the projection to the tangent bundle. 

The first result on the local structure of generalized complex structures was due to 
Gualtieri [17]. It was strengthened by Abouzaid and Boyarchenko PQ, as follows: 

Theorem 2.1.7 (Abouzaid, Boyarchenko). If M is a generalized complex manifold and 
p G M , then there is a neighourhood of p which is isomorphic, via Courant isomorphism, 
to a product of a generalized complex manifold which is symplectic everywhere and a 
generalized complex manifold which is of complex type at the image of p. 
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This resembles Weinstein's local structure theorem for Poisson structures [30J. In 
fact, a generalized complex structure induces a Poisson structure, for which this result 
produces the Weinstein decomposition. 

Thus, the remaining question in the local classification of generalized complex struc- 
tures is: what kinds of generalized complex structures occur near a point of complex 
type? There is a way in which any holomorphic Poisson structure (see Section 12.1.11 
below) induces a generalized complex structure (as described in Section [2T2]) . Our main 
result, then, is as follows: 

Main Theorem. Let J be a generalized complex structure on a manifold M which is 
of complex type at point p. Then, in a neighbourhood of p, J is Courant- equivalent to 
a generalized complex structure induced by a holomorphic Poisson structure, for some 
complex structure near p. 

This is finally proven in Section 12.71 Most of the work happens in earlier sections, in 
proving the following lemma: 

Main Lemma. Let J be a generalized complex structure on the closed unit ball B\ about 
the origin in C n . Suppose J is a small enough deformation of the complex structure 
on Bi, and suppose that J is of complex type at the origin. Then, in a neighbourhood 
of the origin, J is Courant- equivalent to a deformation of the complex structure by a 
holomorphic Poisson structure on C n . 

In Section I2.2[ we explain how one generalized complex structure may be understood 
as a deformation of another. By the smallness condition we mean that there is some 
/ G N such that if the deformation is small enough in its C ? -norm then the conclusion 
holds. (See Section [2.5.11 for details about the norms.) The proof of the Main Lemma is 
in Section T2.4.3I (modulo technical results in Sections 12.51 and 12.61) . 

In some sense, then, generalized complex structures are holomorphic Poisson struc- 
tures twisted by (possibly) non-holomorphic Courant gluings. A generalized complex 
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manifold may not, in general, admit a global complex structure [8] [9], emphasizing the 
local nature of our result. 

2.1.1 Holomorphic Poisson structures 

A holomorphic Poisson structure on a complex manifold M is given by a holomorphic 
bivector field (3 G r(A 2 T 10 M), Bf3 = 0, for which the Schouten bracket, [(3,(3], van- 
ishes. (3 determines a Poisson bracket on holomorphic functions, {f,g} = (3(df,dg). The 
holomorphicity condition, 3(3 = 0, means that, if /3 is written in local coordinates, 



then the component functions, /3y, are holomorphic. For a review of holomorphic Poisson 
structures see [22]. 

The type-change locus of a generalized complex structure induced by a holomorphic 
Poisson structure, that is, the locus where the Poisson rank changes, is determined by 
the vanishing of an algebraic function of the component functions above, thus, 

Corollary 2.1.8. The type-change locus of a generalized complex structure locally admits 
the structure of an analytic subvariety. 

After a review of the literature we believe the following to be an open question: is 
every holomorphic Poisson structure locally equivalent to one which is polynomial in 
some coordinates? We are unaware of any counterexamples, and there are some partial 
results [H] [23]. 

2.1.2 Outline of the proof of the Main Lemma 

In Section 12.21 we describe the deformation complex for generalized complex structures, 
and how it interacts with Courant flows coming from generalized vector fields. In Section 
12.31 we solve an infinitesimal version of the problem, by showing that, to first order, 
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an infinitesimal generalized complex deformation of a holomorphic Poisson structure is 
equivalent to another holomorphic Poisson structure. Then the full problem is solved by 
iterating an approximate version of the infinitesimal solution: 

At each stage of the iteration, we have a generalized complex structure which is a 
deformation of a given complex structure. We seek to cancel the part of this deformation 
which is not a Poisson bivector. We construct a generalized vector field whose Courant 
flow acting on the deformation should cancel this non-bivector part, to first order. Then 
after each stage the unwanted part of the deformation should shrink quadratically. We 
mention two issues with this algorithm: 

Firstly, at each stage we "lose derivatives," meaning that the C fc -convergence will 
depend on ever higher C k+t -norms. The solution is to apply Nash's smoothing operators 
at each stage to the generalized vector field, where the smoothing degree is carefully 
chosen to compensate for loss of derivatives while still achieving convergence. A good 
general reference for this sort of technique (in the context of compact manifolds) is [18J, 
and it is tempting to try to apply the Nash-Moser implicit function theorem directly. 
However, this is frustrated by the second issue: 

Since we are working on a neighbourhood of a point p, the generalized vector field 
will not integrate to a Courant automorphism of the whole neighbourhood. Thus, after 
each stage we may have to restrict our attention to a smaller neighbourhood of p. If 
the radius restriction at each stage happens in a controlled way, then the limit will be 
defined on a ball of radius greater than 0. The technique for proving Nash-Moser type 
convergence results on shrinking neighbourhoods comes from Conn [12] . 

We adopt a more recent formalization of this technique, by Miranda, Monnier and 
Zung [26] [27] (Section 12.41) . In fact, for much of the work we use a general technical 
lemma of theirs (Theorem 12.4. 171) with only a few changes. Even so, we must prove 
estimates for the behaviour of Courant flows acting on deformations (see Sections 12.51 
andES). 
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2.2 The deformation complex 

In this section, if V is a vector bundle, let T(V) denote its smooth sections. We will 
now describe the deformation complex for generalized complex structures. Except where 
we remark otherwise, the results in this section (12 .2D can be found in Section 5 of [17J. 
We make use of the fact that a generalized complex structure is determined by its +i- 
eigenbundle. 

Let T be the tangent bundle of some manifold M. Let L C C © (T © T*) be the +i- 
eigenbundle for an initial generalized complex structure. We will often take this initial 
structure to be the complex structure on C n , in which case 

L = T 0jl ©T* . 

Another example arises from a holomorphic Poisson structure on C n . If /3 : T x * — > T li0 
is a holomorphic Poisson bivector, then we define the corresponding generalized complex 
structure, with +z-eigenbundle 

L = T 0il ©graph(/3). (2.2.1) 

In any case, the +i-eigenbundle of a generalized complex structure is a maximal 
isotropic subbundle. Using the pairing, we choose an embedding of L* in T<c ©T^, which 
will be transverse to L and isotropic with respect to the standard symmetric pairing. 
One choice is L* ~ L, though we may take others. Any maximal isotropic L s close to L 
may thus be realized as 

L e = (l+e)L, (2.2.2) 

where e : L — > L* C Tq © T£. As a consequence of the maximal isotropic condition 
on L £ , e will be antisymmetric, and we can say that e G T(A 2 L*). In fact, for any 
e G T(A 2 L*), L £ is the +i-eigenbundle of an almost generalized complex structure. Of 
course, for L e to be integrable, e must satisfy a differential condition — the Maurer-Cartan 
equation (see Section [2.2.2D . 
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Remark 2.2.1. For initial complex structures, we will use the convention L* ~ L, so 
that L* = T lj0 © T* v Since the only requirement on the embedding of L* is that it be 
transverse to L and isotropic (and thus give a representation of L* by the pairing), we 
will take this same choice of L* whenever possible; that is, we henceforth fix the notation 

L* = T 1)0 © T * 1; (2.2.3) 

regardless of which eigenbundle L we are dealing with. 

Remark 2.2.2. If the initial structure is complex and e = j3 G r(A 2 T 10 ) is a holomorphic 
Poisson bivector, then the deformed eigenbundle L £ agrees with (12.2.11) . 

2.2.1 Generalized Schouten bracket and Lie bialgebroid struc- 
ture 

While T©T* is not a Lie algebroid for the Courant bracket (which isn't antisymmetric), 
the restriction of the bracket to L does give a Lie algebroid structure. From this, there 
is a naturally-defined differential 

al L : T{A k L*) — ► T(A k+1 L*) 

as well as an extension of the bracket (in the manner of Schouten) to higher wedge powers 
of L. But L* is also a Lie algebroid, and the same structures apply. Together they form 
a Lie bialgebroid (actually, a differential Gerstenhaber algebra if we consider the wedge 
product), meaning that di is a derivation for the bracket on A*L*: 

d L [a,P] = [d L <x,0\ + (-lp- 1 [a,d L (3] (2.2.4) 

For more details on Lie bialgebroids see [23], and for their relation to generalized complex 
structures see [IE] and [T7] . 

Example 2.2.3. If L corresponds to a complex structure, then di = d. We can find the 
differential for other generalized complex structures by using the following fact, quoted 
from [To] : 



Chapter 2. Local holomorphicity of generalized complex structures 12 



Proposition 2.2.4. Let L £ be an integrable deformation of a generalized complex struc- 
ture L by e E A 2 L*. As per Remark \2.2.1\ we identify L* = L* = L, and thus identify 
their respective differential complexes as sets. Then for o E T(A k L*), 

d L ,o- = d L a+ [s,a]. 

Example 2.2.5. Thus, the differential on T(A k L*) coming from a holomorphic Poisson 
structure (3 E r(A 2 T li0 ) is just 

d L/3 = d + dp, 
where dp is the usual Poisson differential [ft, •]. 

2.2.2 Integrability and the Maurer-Cartan equation 

For a deformed structure L £ to be integrable, e must satisfy the Maurer-Cartan equation, 

d L e+±[e,e] = (2.2.5) 

Notation 2.2.6. Suppose L is the -N-eigenbundle for the generalized complex structure 
on C n coming from the complex structure, and suppose that L* = T 10 ©T * 1 as in Remark 
12.2.11 We may write 

A 2 L* = (A 2 T li0 ) © (Ti >0 © T *i) © (A 2 T * 5l ). 

If e G T(A 2 L*) is a deformation, we will write e correspondingly as S\ + e 2 + e%, where E\ 
is a bivector field, e 2 G r(T lj0 © T^), and e 3 is a 2-form. 

Then the Maurer-Cartan condition (12.2.51) on e splits into four equations: 

A 3 T lj0 : [ ei ,ei] = (2.2.6) 

A 2 T lfi ®T* tl : [e l ,£ 2 ] + d£ 1 = Q (2.2.7) 

r li0 ®A 2 2^i : ~[e2,e2] + [ei,e 3 ]+de 2 = (2.2.8) 

A 3 T* h : & 3 = (2.2.9) 
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Remark 2.2.7. By (I2.2.6p . E\ always satisfies the Poisson condition. If e 2 = then, by 
f l2.2.7p . Ei is also holomorphic. Therefore, to say that an integrable deformation e is 
holomorphic Poisson is the same as to say that e 2 and £3 vanish, that is, that e is just a 
bivector. 

2.2.3 Courant automorphisms 

Definition 2.2.8. A Courant automorphism $ : T © T* — > T © T*, also called a 
generalized diffeomorphism, is an isomorphism of T©T* (covering some diffeomorphism) 
which respects the Courant bracket, the symmetric pairing, and the projection to the 
tangent bundle. 

A Z?-transform is a particular kind of Courant automorphism: if B : T — > T* is a 
closed 2-form and X + £ e T © T*, then e B (X + £) = (1 + B){X + £) = X + l x B + f . 

Another kind of Courant automorphism is a diffeomorphism acting by pushforward 
(which means inverse pullback on the T* component). We will typically identify a 
Courant automorphism $ with a pair (B,ip), where B is a closed 2-form and ip is a 
diffeomorphism — then $ acts first through a 5-transform and then through pushforward 
by 99*. Such pairs exhaust the Courant automorphisms |17j . 

Remark 2.2.9. Let $ = (B,f) and $ = (B',ip) be Courant automorphisms. Then 

$0^ = {ip*{B) + B',(poip) and ^ = (-<p*(B), c^ 1 ) 

Definition 2.2.10. If L e is a deformation of generalized complex structure L, and $ is 
a Courant automorphism of sufficiently small 1-jet, then <&(L e ) is itself a deformation of 
L. Let $ • e G T(A 2 L*) be such that L$. e = $(L e ), that is, 

$((l + e)L) = (1 + $•£)£. (2.2.10) 

Remark 2.2.11. For a more concrete formula for $ • e, see Proposition 12.5.81 In general 
$ • £ should not be understood as a pushforward of the tensor e. (In fact, $ • may be 
nonzero!) However, if = -L then indeed $ • e = $*(£) suitably interpreted. 
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Definition 2.2.12. A section v G T(T © T*) is called a generalized vector field. We say 
that v generates the 1-parameter family <3> to of generalized diffeomorphisms if for any 
section a G T © T*, 

j * = [v, 4 (2.2.11) 

T=t 

The generalized diffeomorphism thus defined is related to a classically generated dif- 
feomorphism as follows: 

Let v = X + £, where X is a vector field and £ a 1-form. If X is small enough, or 
the manifold is compact, then it integrates to the diffeomorphism tpx which is its time-1 
flow. Let 

b v = I tf x (d{;)dt. 

Jo 

Then = (B v , (fx) is the time-1 Courant flow of v. 

Remark 2.2.13. If X does not integrate up to time 1 from every point, then ipx, and thus 
$„, is instead defined on a subset of the manifold. In this case, is a local Courant 
automorphism (or local generalized diffeomorphism). 

Remark 2.2.14. While (12.2.111) gives the derivative of a Courant flow acting by push- 
forward on a tensor, it does not hold for derivatives of Courant flows acting by the 
deformation action of Definition 12.2.101 as we see from Remark 12.2.111 

The following is a corollary to [17, Prop. 5.4]: 
Lemma 2.2.15. IfO G T(A 2 L*) is the trivial deformation of L and v G T(T©T*) ; then 

= d L v°>\ 



dt v 



t=0 



where v ' 1 is the projection of v to L* . 

Then combining this fact with Proposition 12.2.41 we see that 

Proposition 2.2.16. If e G T(A 2 L*) is an integrable deformation of L, and v G T(T 

T*), then 

A 

= dLV ' 1 + [e,v], 



Jt^- £ 



t=o 
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where v 0,1 is the projection of v to L* . 

Remark 2.2.17. Definition 12.2.121 makes sense if v is a real section of T © T*. On the 
other hand, if v G T(Tc © T£) is complex, we may interpret in the presence of an 
underlying generalized complex structure as follows, v decomposes into v 1,0 G L plus 
v ' 1 G L. We see in Proposition 12.2. 161 that the component in L has no effect on the flow 
of deformations, therefore we define 

where f ' 1 + f ' 1 is now real. Proposition 12.2.161 still holds. 

2.3 The infinitesimal case 

We would like to make precise and then prove the following rough statement: if e is 
an infinitesimal deformation of a holomorphic Poisson structure on the closed unit ball 
Bi C C n , then we may construct an infinitesimal flow by a generalized vector field V 
which "corrects" the deformation so that it remains within the class of holomorphic 
Poisson structures. This is a cohomological claim about the complex (A'L*,di). When 
we consider the full problem of finite deformations, this will still be approximately true 
in some sense, which will help us prove the Main Lemma. 

Suppose that St is a one-parameter family of deformations of L. Differentiating equa- 
tion ( 12.2.51) by t, we get that 

d L £t + [£t, it] = 

If Eo = 0, then we have the condition oIlEq = 0. That is, an infinitesimal deformation of 
L must be G?£-closed. 

Thus we make precise the statement in the opening paragraph of this section: 

Proposition 2.3.1. Suppose that L is the +i-eigenbundle corresponding to a holomorphic 
Poisson structure (3 on B\ C C n , and suppose that e G T(A 2 L*) satisfies d^e = 0. Then 
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there exists V((3,e) G T(L*) such that e + diV((3,e) has only a bivector component. 

Proof. As in section [2.2.21 we write e = £\ + e 2 + £ 3 where the terms are a bivector field, 
a mixed co- and contravariant term, and a 2-form respectively. The closedness condition, 
(d + dp)e = (as per Example 12.2.51) . may be decomposed according to the co- and 
contravariant degree. 

For example, we have de 3 = 0. Since <9-cohomology is trivial on the ball B\, there 
exists a (0, l)-form Pe 3 such that dPe 3 = e 3 . —Pe 3 will be one piece of V(f3,e). 
Another component of the closedness condition is de 2 + dpe 2 = 0. Then 

d(d p Pe 3 - e 2 ) = Bd p Pe 3 + d^ 

= 5dpPe 3 + dpdPe 3 

But d and d^ anticommute, so this is 0, i.e., dpPs 3 — e 2 is <9-closed. Therefore it is d- 
exact, and there exists some (1, 0)-vector field P(dpPe 3 — e 2 ) such that dP{dpPe 3 — e 2 ) = 
d/3P£3 - £2- Let 

V((3, e) = P(dpPe 3 - e 2 ) - Ps 3 (2.3.1) 

Then 

{8 + d p )V(P, e) = dpP{d p Pe 3 - e 2 ) -e 2 - e 3 , 
where dpP{dpPe 3 — e 2 ) is a section of A 2 T 10 . Therefore 

e + d L V(/3,e) G r(A 2 T li0 ) 

□ 

2.3.1 The d chain homotopy operator 

The non-constructive step in the proof of Proposition 12 .3 . ll is the operation P which gives 
(^-primitives for sections of (T 1]0 (8>Tq x ) © A 2 T * 1 . Fortunately, in [2S] Nijenhuis and Woolf 
give a construction of such an operator and provide norm estimates for it. 
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Proposition 2.3.2. For a closed ball B r C C n , there exists a linear operator P such that 
for all i,j > 0, 

P : T ((A 4 T 1>0 ) ® {A j+1 T*,x)) — > T ((A 4 T 1>0 ) ® (A^)) 

swc/i that 

QP + PQ = id. (2.3.2) 
and such that the C -norms of P satisfies the estimate, for all integers k>0, 

\\P4k < C\\e\\ k . 
(See Section \2. 5. 1\ for details on C k norms.) 

We note that P is denned on all smooth sections, not just <9-closed sections. But if 
Be = 0, dPe = e as desired. 

Proof. For a (0, j) form, P is just the operator T defined in [28]. We don't give the 
full construction here (or the proofs of its properties), but we remark that it is built 
inductively from the case of a 1-form / dz on C, for which 

(Tfdz)(x) = — [ pQ-d(Ad(. 
1 A 1 2mJ Br (-x 

On the other hand, if e G T ((A^T^o) <g> (A^Tfa)) for i > 0, we may write 



x ^ d 




where / ranges over multi-indices, is the corresponding basis multivector, and ej G 
T (aJ^Tq-A. Then T is applied to each of the ej individually. 

The estimate is also from [SB] , and by construction of P clearly also applies to mixed 
co- and contravariant tensors. □ 

P as defined depends continuously on the radius, r, of the polydisc — that is, it doesn't 
commute with restriction to a smaller radius. We say no more about this quirk except 
to note that it is compatible with Theorem 12.4.171 
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2.3.2 Approximating the finite case with the infinitesimal solu- 
tion 

We sketch how Proposition 12.3.11 roughly translates to the finite case (for details, see 
Lemma 12. 6. 9ft : 

We will be considering deformations e = E\ + e<i + e 3 of the complex structure on 
B r C C" , which are close to being holomorphic Poisson; thus, 82 and £3 will be small and 
e% will almost be a holomorphic Poisson bivector. We then pretend that £2 + ^3 is a small 
deformation of the almost holomorphic Poisson structure /? = e\, and the argument for 
Proposition 12.3.11 goes through approximately. Thus, 

Definition 2.3.3. If e G T(A 2 L*), with the decomposition e = e± + 62 + £3 as in Section 
I2T2T21 Then let 

V(e) = V(e 1 , e 2 + e 3 ) = P([ei, Pe 3 ] -e 2 - e 3 ). 

In the above construction, we apply P to sections which are not quite 9-closed, so it 
will not quite yield (^-primitives; this error is controlled by equation f 12 . 3 . 2 j) . Furthermore, 
we can no longer say that [s\, ■] and d anticommute; this error will be controlled by the 
bialgebroid property (I2.2.4p . with d L = 3, so that if 9 G F(A'L*) then 

d[e u e] = -[ei,00] + [de x ,0\. (2.3.3) 

2.4 SCI-spaces and the abstract normal form theo- 
rem 

As discussed in Section 12.1.21 the local equivalence of a generalized complex structure 
near a point p to a holomorphic Poisson structure will be achieved by iteratively applying 
a particular sequence of local generalized diffeomorphisms to the initial structure, and 
then arguing that in the limit this sequence takes the initial structure to a holomorphic 
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Poisson structure. A difficulty with this approach is that at each stage we may have to 
restrict to a smaller neighbourhood of p. Thus the iteration is not in a fixed space of 
deformations, but rather through a collection of spaces, one for each neighbourhood of 
P- 

The technique for handling this difficulty comes from Conn [12], though we have 
adopted some of the formalism of Miranda, Monnier and Zung [27] [26], with [261 Ap- 
pendix 1] our main reference. We adapt the definition of SCI-spaces — or "scaled C°°" 
spaces — SCI-groups and SCI-actions, with some changes which we discuss. In particular, 
for simplicity we consider only the part of the space (whereas in [26J C k sections 

are considered). Hence, an SCI-space is a radius-parametrized collection of tame Frechet 
spaces. To be precise: 

Definition 2.4.1. An SCI-space H consists of a collection of vector spaces H, T with 
norms || • ||fc :T . — where k > (the smoothness) is in Z and < r < 1 (the radius) is in R — 
and for every < r' < r < 1 a linear restriction map, n r y : "H r — > 1-L r ' ■ Furthermore, 
the following properties should hold: 

• If r > r' > r" then it r yi = n r y o 7r r ry. 

If / ETir then, to abuse notation, we denote n r y(f) e H r i also by /. 

• If / in H, r' < r and k! < k, then 

\\f\W,r> < \\f\kr, 

where if neither / nor a restriction of / is in H r then we interpret ||/|| r = oo. We take as 
the topology for each 7-L r the one generated by open sets in every norm. We require that 

• If a sequence in H, r is Cauchy for each norm || • ||fc then it converges in T-L r . 

• At each radius r there are smoothing operators, that is, for each real t > 1 there is 
a linear map 

S r (t) '. T~i r — y T~Lr 
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such that for any p > q in Z + and any / in H, 



r- 



Sr(t)f\\ 



q.r 



and 



(2.4.1) 



||/-5 r (*)/|| fl , r < C r , p , q t^\\f\\ 



(2.4.2) 



where C riPiq is a positive constant depending continuously on r. 

An SCI-subspace S C H consists of a collection of subspaces «S r C H r which them- 
selves form an SCI-space under the induced norms, restriction maps and smoothing 
operators. An SCI-subset of TL consists of a collection of subsets of the H r which is 
invariant under the restriction maps. 

Example 2.4.2. Let V be a finite-dimensional normed vector space. For each < r < 1, 
let B r C M. n or C n be the closed unit ball of radius r centred at the origin (under the 
sup- norm, this is actually a rectangle or polydisc), and let 7i r be the C^-sections of the 
trivial bundle B r x V, with || ■ \\^ r the C^-sup norm. Then the l-i r and || ■ ||fc >r . form an 
SCI-space. 

Remark 2.4.3. At a fixed radius r, H r is a tame Frechet space. There are constructions 
of smoothing operators in many particular instances (see, eg., [H]). The essential point 
is that S r (t)f is a smoothing of /, in the sense that its higher norms are controlled by 
lower norms of /, and as t gets larger, S r (t)f is a better approximation to /, but is 
less smooth. As a consequence of the existence of smoothing operators, we have the 
interpolation inequality (also see [IS]): 

Proposition 2.4.4. Let % be an SCI-space, let < I < m < n be integers, and letr > 0. 
Then there is a constant Ci >mjn>r > such that for any f 6 % r , 



||/||m < Ci 7 m, n ,r 



11/11 



m—l 



11/11 



n—m 



n 
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2.4.1 Notational conventions 

We will need to express norm estimates for members of SCI-spaces, that is, we will write 
SCI-norms into inequalities. We develop some shorthand for this, which is similar to (but 
extends) the notation in [26] . 

Spaces of sections 

If E = B\ x V is a vector bundle over B\ C W 1 or C n , then by T(E) we will always mean 
the SCI-space of local sections of E near G C n , as in Example 12.4.21 

Radius parameters 

We will often omit the radius parameter when writing SCI-norms (but we will always 
include the degree). The right way to interpret such notation is as follows: when the 
norms appear in an equation, the claim is that this equation holds for any common choice 
of radius where all terms are well-defined. When the norms appear in an inequality, the 
claim is that the inequality holds for any common choice of radius r for the lesser side 
of the inequality, with any common choice of radius r' > r for the greater side of the 
inequality (for which all terms are well-defined). 
For example, for / G H and g G JC, 

\\f\\k<\\g\\ k+ i 

means 

V < r < r' < 1, if / G H r and g G H r > then ||/||fc, r < ||^||fc+i,r' 
Remark 2.4.5. Since the norms are nondecreasing in radius, this convention is plausible. 

Constants 

Whenever it appears in an inequality, C (or C) will stand for a positive real constant, 
which may be different in each usage, and which may depend on the degree, k, of the 



Chapter 2. Local holomorphicity of generalized complex structures 22 
terms, and continuously on the radius. 

Polynomials 

Whenever the notation 

Poly(\\f 1 \\ kl ,\\f2\\k 2 ,---) 

occurs, it denotes some polynomial in ||/i||fci, II/2IU2; etc, with positive coefficients, which 
may depend on the degrees fcj and continuously on the radius, and which may be different 
in each usage. These polynomials will always occur as bounds on the greater side of an 
inequality, and it will not be important to know their exact form. 

Leibniz polynomials 

Because they occur so often, we give special notation for a certain type of polynomial. 
Whenever the notation 

£(||/i||fci, • • • , H/dlUJ 

occurs it denotes a polynomial (with positive coefficients, which depends on the ki and 
continuously on the radius, and which may be different in each usage) such that each 
monomial term is as follows: 

Each occurs with degree at least 1 (in some norm degree), and at most one of 

the 1 1 fi\\ has "large" norm degree k i: while the other factors in the monomial have "small" 
norm degree \_kj/2\ + 1, where [• J denotes the integer part. 

Equivalently, using the monotonicity in k of || • ||fc, we can define £ in Poly notation, 
as follows: 

A < £(||/i|| fcl , • • • , \\f d \\k d ) if and only if 

d 

A<^2\\fi\\ kt x ||/i|| Lfel /2j+i ... ||/i|| Lfei /2j+i •••• H/illlkd/iJ+i 
i=i 

x^y(ll/i|lL*i/2j+i. •••> H/d|lLJW2j+i), (2-4.3) 
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where indicates this term is omitted from the product. For example, we might say 

\\f\\k IMI[fc/2j+2 + 11/11 [k/2}+i \\g\\k+i \\g\\ik/2}+2 < £(ll/llk> IMU+i)- 

Remark 2.4.6. A typical example of how such terms arise is: to find the C fc -norm of a 
product of fields, we must differentiate k times, applying the Leibniz rule iteratively. We 
get a polynomial in derivatives of the fields, and each monomial has at most one factor 
with more than \_k/2\ +1 derivatives. See Lemma [2.6. II for example, or [18, II. 2. 2. 3] for 
a sharper estimate. 

We extend the definition to allow the entries in a Leibniz polyonmial to be polynomials 
themselves, eg., 

||/||k||%fc/2j+i + \\f\\k |M||fc/2j+i + ll/ll Lfe/2j+i IHI* < £(||/||fc, INIfc + lbllfc)- 

In this case, we have used \\h\\k + ||<?||fc to indicate that not every monomial need have a 
factor of both \\g\\ and \\h\\. 

Lemma 2.4.7. Leibniz polynomials are closed under composition, e.g., 

£(£(||/|| a) \\g\\ b ), \\h\\ c ) < £(||/|| a , \\g\\ b , \\h\\ c ) 

Remark 2.4.8. The approach in [18] is to study tame maps between tame Frechet spaces. 
To say that a map is bounded by a Leibniz polynomial in its arguments is similar to the 
tameness condition. However, rather than adapt this framework to SCI-spaces, we do as 
in [27] and [26J, working directly with bounding polynomials. 

Remark 2.4.9. As noted in [27] and elsewhere, whether the coefficients of the polynomials 
vary continuously with the radius, or do not, makes no difference to the algorithm of 
Theorem 12.4. 17\ which ensures that all radii are between R/2 and R, over which we can 
find a radius-independent bound. 
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SCI-groups 

We will give a definition of a group-like structure modelled on SCI-spaces, which is used 
in [26] to model local diffeomorphisms about a fixed point (and in our case to model 
local generalized diffeomorphisms); but first we feel we should give a conceptual picture 
to make the definition clearer: 

Elements of an SCI-group will be identified with elements of an SCI-space, and we 
use the norm structure of the latter to express continuity properties of the former. How- 
ever, we do not assign any special meaning to the linear structure of the SCI-space — in 
particular, the SCI model-space for an SCI-group should not be viewed as its Lie algebra 
in any sense. Furthermore, group elements will be defined at given radii, and their com- 
position may be defined at yet a smaller radius — the amount by which the radius shrinks 
should be controlled by || ■ ||i of the elements (usually interpreted as a bound on their 
first derivative) and a fixed parameter for the group. 

Definition 2.4.10. An SCI-group Q modelled on an SCI-space W consists of elements 
which are formal sums 

<p = Id + x, 

where x £ VV, together with a scaled product defined for some pairs in Q, i.e.: 
There is a constant c > 1 such that if ip and ip are in G r for some r and 

\\(p — Id||i jT . < 1/c, 

then, 

(a) the product ip ■ ip 6 Q r > is defined, where r' = r(l — c\\(p — Id||i jt .); furthermore, 
the product operation commutes with restriction, and is associative modulo necessary 
restrictions, and 

(b) there exists a scaled inverse ip' 1 G Q r > such that ip ■ ip' 1 = ip' 1 ■ ip — Id at radius 
r" = r'(l — c\\(p — Id||i, r ). 
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Furthermore, for k > 1 the following continuity conditions should hold: 

H^-^IU < £(W-<p\\k, l + ||p-Id|| fc ), (2.4.4) 

\\<P ">l> - <p\\k < -C(||V-Id|| fc , 1 + ||^-Id||fc+i) (2.4.5) 

and ||^-^-Id|U < £(||^-Id|U+|^-Id|| fc ). (2.4.6) 

(As per the notational convention, these inequalities are taken at precisely those radii for 
which they make sense.) 

Example 2.4.11. As in Example 12.4.21 for each < r < 1 let B r C W 1 be the closed 
unit ball of radius r centred at the origin, and let W r be the space of C°°-maps from B r 
into W 1 fixing the origin. If \ is such a map, then by (p = Id + \ we mean the sum of 
X with the identity map; then Id + W r forms an SCI-group under composition for some 
constant c > 1. These are the local diffeomorphisms. (See Lemma 12.5.61 and [T2] for 
details.) 

Remark 2.4.12. Our definition of SCI-group is a bit different than that appearing in [26J. 
Our continuity conditions look different, though, ignoring terms of norm degree \_k/2\ +1, 
our conditions imply those in [26J. (See Remark 12.4.191 ) 

Definition 2.4.13. A left (resp. right) SCI-action of an SCI-group Q on an SCI-space 
'H. consists of on operation (p ■ f e % r i for (p e Q r and / G T-L r , which is defined whenever 
r' < (1— c||(/?— Id||i jr )r for some constant c > 1, such that the following hold: the operation 
should commute with radius restriction, it should satisfy the usual left (resp. right) action 
law modulo radius restriction, and there should be some s (called the derivative loss) 
such that, for large enough k, for cp,ip G Q r and /, g G 7i r , the following continuity 
conditions hold: 

\\<P • f - <P • 9\\k < £(\\f-9\\k, l + y-ld\\ k+s ) and (2.4.7) 
U-f-<p-f\\k < £(l + \\f\\k+s, U-<p\Ws, l + ||^-Id|| fc+s ), (2.4.8) 
(if these terms are well-defined). 
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Remark 2.4.14. (12.4. 8p will ensure that if a sequence ipi,ip 2 , ■ ■ ■ converges, then so does 
Pi ■ f, ^2 • /, • • •• Combining (I2.4.7P with ( I2.4.8P for / = and ip = Id, we get 

y-gh < £(NU + h-id\\ k+s ) (2.4.9) 

Remark 2.4.15. If the action is linear, we may equivalently simplify the hypotheses: we 
may discard g entirely in ( I2.4.7p . and, since each term will be first order in norms of 
/, we may replace 1 + ||/||fc with ||/||fc in ( I2.4.8j) : furthermore, in both estimates the 
polynomials will not have higher powers of ||/||. In [26], our source for Theorem 12.4.171 
only linear (and, in some sense, affine) SCI-actions are considered. 

Even considering this difference, our definition is a bit stronger than in |26j — as per 
our definition of Leibniz polynomials, £, we do not permit more than one factor of high 
norm degree in each monomial. 

Example 2.4.16. The principal example of SCI-actions are local diffeomorphisms (Ex- 
ample acting by pushforward or pullback on tensors, with derivative loss s = 1. 
See Section [2.5.21 for details. 

2.4.2 Abstract normal form theorem 

The following theorem is adapted from [261 Thm. 7.7], with some changes. The idea 
of applying the Nash-Moser fast convergence method to shrinking neighbourhoods of a 
point goes back to Conn's work in [12J. After the statement of the theorem, we give the 
interpretation of each SCI-space and map named in the theorem, as it applies to our 
situation, and show how the theorem may be used to prove our Main Lemma. Then we 
address the differences between the theorem as we have presented it and as it appears in 
[26] . A similar theorem is in [27]. 

Theorem 2.4.17. [MMZ] Let T be an SCI-space, J 7 an SCI-subspace of T , and X a 
subset ofT containing 0. Denote N = J-TlX. Let n : T — > T be a projection commuting 
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with restriction and inclusion, and let ( = Id — n . Suppose that, for all e G T, and all 
k G N sufficiently large, 

\\C(e)\\k<2(\\4k). (2-4.10) 
Let Q be an SCI-group acting on T , and let Q° C Q be a closed subset of Q preserving 

X. 

Let V be an SCI-space. Suppose there exist maps 

x A v A g° 

(with $(f) denoted Q v ) and s6i such that, for every e G X, every v,w G V, and for 
large enough k, 

\\V(e)\\ k < 2(\\((e)\\ k+s ,l + \\e\\ k+s ) (2.4.11) 

\\$ V -Id\\ k < £(\\v\\ k+s ), and (2.4.12) 

\\® v ■ e - $ w ■ e\\ k < £(\\v - w\\ k+s , 1 + \\v\\ k+s + \\w\\ k+s + \\e\\ k+s ) 

+ £ {(\\v\\ k+s + \\w\\ k+s ) 2 , 1 + ||e|| fc+i ) (2.4.13) 

Finally, suppose there is a real positive S such that for any e G X, 

||C(*vw • e)|| fc < UmlXlPoly (\\e\\ k+S: ||$ v(e) - ||C(e)||*+., ||e||*) (2.4.14) 

where in this case the degree of the polynomial in ||£||fe+ s does not depend on k. 

Then there exist I G N and two constants a > and (3 > with the following 
property: if e G Ir such that \\e\\2i-i,R < a and ||C( £ )lk-R < P> there exists ip G G R / 2 su °h 
that ip ■ e G Mr/2 ■ 

Remark 2.4.18. In our case, the interpretation of the terms in this theorem will be as 
follows: 

• T will be the space of deformations, T(A 2 L*), of the standard generalized complex 
structure on C n . 
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• J 7 C T will be the space of (2, 0)-bivectors, the "normal forms" without the inte- 
grability condition — thus ((e) = e 2 + e 3 is the non-bivector part of s, which we seek 
to eliminate. 

• I will be the integrable deformations, and thus N ' = J- "Hi will be the holomorphic 
Poisson bivectors, i.e., the "normal forms." 

• V produces a generalized vector field from a deformation. As per Definition 12.3.31 

we will take V(e) = P([si, Pe?\ — e 2 — £3). 

• G = Q° will be the local generalized diffeomorphisms fixing the origin, acting on 
deformations as in Definition 12.2. 10[ and <& v G Q will be the time-1 flow of the 
generalized vector field v as in Definition 12.2.121 

While estimates (12.4.1 ip through (12.4. 13[) in the hypotheses of the theorem may be 
understood as continuity conditions of some sort, estimate (12.4. 14j) expresses the fact 
that we have the "correct" algorithm, that is, each iteration will have a quadratically 
small error. 

2.4.3 Proving the Main Lemma 

In Section [2751 we verify that local generalized diffeomorphisms form a closed SCI-group, 
and that they act by SCI-action on the deformations. In Section 12.61 we show that the 
other hypotheses of Theorem 12.4.171 estimates (12.4. 10[) through (12.4. 14j) . hold true for 
the interpretation above. Thus, the theorem applies, and we conclude the following: if e 
is a smooth, integrable deformation of the standard generalized complex structure in a 
neighbourhood of the origin in C n , and if \\e\\k is small enough (for some k given by the 
theorem), then there is a local generalized diffeomorphism \l/ fixing the origin such that 
. e ) = 0. Then the Maurer-Cartan equations (127231) and (1272771) tell us that * • e is 
a holomorphic Poisson bivector, and thus the Main Lemma is proved. 
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2.4.4 Sketch of the proof of Theorem 12.4.171 



The proof of Theorem 12.4.171 is essentially in [261 Appendix 1], with the idea of the 
argument coming from [12]. We give a rough sketch of the argument as it appears in [26j. 

We are given e = e° G Ir and will construct a sequence e 1 ,^ 2 ,.... We choose a 
sequence of smoothing parameters td, with to > 1 (determined by the requirements of 
the proof) and t d+1 = if. Then for d > let v d = S td V(e d ), where S td is the smoothing 
operator, let = ®v d , and let e d+1 = &d+i • £ d - The is smoothed before taking 

&d+i so that we have some control over the loss of derivatives at each stage. 

If ||£||2i-i and ||C( £ )I|; are small enough, for certain I, and if to is chosen carefully, 
then it will follow that the ||$d||fc approach zero quickly and the corresponding radii have 
lower bound R/2; by continuity properties of SCI-groups and -actions, the compositions 
^d+i = &d+i ■ will have a limit, \lZoo, and the e d will have a limit, e°° = \IZoo • e. 
Furthermore, it will follow that C( £ °°) — limC(£ d ) = 0, so e°° E J\f. 

The above facts follow from two inductive lemmas. The first fixes a norm degree, /, and 
an exponent, A > 1, (determined by requirements of the proof) and proves inductively 
that for all d > 0, 
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The second lemma uses the first to prove by induction on k that, for all k > I, there is 
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dk large enough such that for all d > d/~, 



(0 


\\^ d+1 -U\\ k+s+ i 
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<^kt d 
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\\c d \\ 
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[iv) 
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[v) 


\\C(e d )\\k 


< 


Cktj 1 



Given this setup, the proofs simply proceed in order through l d , . . . ,5 d ,i, . . . ,iv by 
application of the hypotheses of Theorem 12.4. 171 the continuity conditions for SCI-groups 
and SCI-actions, and the property of the smoothing operators. 

Remark 2.4.19. The differences between the theorem as we have presented it and as it 
appears in [26] include notational and other minor changes, which we do not remark upon, 
and changes to the estimates coming from the nonlinearity of our action. Our estimates 
imply theirs if any instance of \\s\\ p , ||C( £ )IIp or 11^ — ^\\p is replaced with the nonlinear 
£(1 + ||e|| p ), £(||C( £ )||p) or — Id||p) respectively. But this is not a problem — the 

estimates are locally equivalent (we will be precise), and thus are valid over the sequence 
defined above. 

To see why, we note that in the lemmas, \\e d \\ p only appears with p < 21 — 1 in the 
first case or p < 2k — 1 in the second. But then 

£(l + \\s d \\ P ) = (l+\\e\\ p )Poly(\\s d \\ [p/2i+1 ) < (l + WflDPolyiWeX) 

(and respectively for k.) But the inductive hypothesis has that \\e d \\i (resp. H^Hfc) is 
bounded by a constant, so this extra factor does no harm. Similarly, the higher-order 
terms on, eg., )||2Z-i are vanishingly small by the inductive hypothesis. 

The remaining concern, then, is for 1 + ||e|| p in place of ||e|| p . This is already dealt 
with implicitly in the affine version of the theorem in [26J: the space T may be embedded 
affmely in C © T, by e i — > with the norm ||(l,e)|| p = 1 + ||e|| p . The constraint 

a in the hypothesis, ||e||2/-i < ot, in the original theorem can always be chosen greater 
than 1, so in the affine context we simply require that ||e||2z-i < a' = a — 1. 
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2.5 Verifying the SCI estimates 

In this section we explain how the particular objects named in Remark 12.4.181 satisfy the 
SCI definitions. 

2.5.1 Norms 

Throughout this chapter we will use various kinds of C k sup-norms. 
Definition 2.5.1. Let X e R q or C q . X t is the z-th component. Then let 

||X|| = sup \Xi\. 

i 

Similarly, if A = [a#] is an n x n matrix, let \\A\\ = sup, j 1 a^- 1 . 

Remark 2.5.2. Comparing our matrix norm to the operator norm || • || op , we have 

\\A\\ < \\A\\ op < n\\A\\. 
Then if \\A — Id II < 77-, A is invertible and 

11 11 — 2n' 

WA^W < 2. 

Definition 2.5.3. Suppose now that / is a vector-valued function, / : U — > V, where 
U C W l or C n and V is a normed finite-dimensional vector space. Then let 

||/||o = sup||X(a:)||. 

Suppose furthermore that / is smooth. If a is a multi-index, then is the corre- 
sponding higher-order partial derivative. If k is a non-negative integer, then is an 
array containing the terms for \a\ = k. Let 

\\fh= sup ||/ (Q) ||o = sup||/( fc )|| . 

\a\<k j<k 
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Remark 2.5.4. Ultimately, we will always be working on the manifold C n or a subset 
thereof. Using the standard trivialization of the tangent and cotangent bundles, Defini- 
tions [275J] and |233] give us a nondecreasing family of norms, || • \\k, on smooth tensor 
fields on subsets of C n . This applies to generalized vector fields, -B-fields, and higher 
rank tensors (including deformations in A 2 L*). However, for technical reasons, we must 
use a slightly unusual norm for Courant automorphisms: 

Definition 2.5.5. If $ = (B, ip) is a Courant automorphism, then we usually only take 
norms of $ — Id = (B, ip — Id). Considering (p — Id as just a function from a subset of 
C n to C n , let ||$ - Id|| = sup(||S|| , \\<p - Id|| ); but if k > 1, then let 

||$ - Id|| fc = sup(||S|| fc _i, \\p - ld\\ k ). (2.5.1) 

The difference in degree between B and <p reflects the fact that B acts on derivatives 
while p acts on the underlying points of the manifold. 

2.5.2 Pushforwards and pullbacks 

As mentioned in Examples 12.4.111 and 12.4.161 

Lemma 2.5.6. Local diffeomorphisms from the closed balls B r C M n to IR n fixing the 
origin form an SCI-group under composition (see Example 2.4-11) with constant c = 2n. 



Furthermore, the pullback action, ip* f = f otp, of a local diffeomorphism ip on a function 
f : B r — > C p , is a right SCI-action, with derivative loss s — 1. 

As we said earlier, our definitions of SCI-group and SCI-action are slightly different 
from [26]: for SCI-groups, fl2.4.4[) is stronger, and (12.4.51) and (12.4.61) have the same first- 
order behaviour in each group element, while having possibly higher-order terms (but 
only in \_k/2\ + 1 norms). For SCI-actions, (12.4.71) and (12.4.81) are nonlinear counterparts 
to the conditions in |26|. 
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Proof. The proof of Lemma 12.5.61 including the existence of compositions and inverses 
at the correct radii and the various continuity estimates, is essentially in [12] (and, eg., 
|27j). with minor differences as noted. We show only the proof of (I2.4.4P — the SCI-group 
continuity estimate for inverses — since it gives the flavour of the proofs of the other 
estimates. 

Let ip and if) be local diffeomorphisms. We proceed by induction on the degree of the 
norm. If a = («i, . . . , a n ) is a multi-index, we denote the a-order partial derivative D a . 
Suppose that (12.4.41) holds for degree less than k, that is, whenever \a\ < k, 

IIA^-V^llo < £(||^-^|| H ,l + ||^-Id|| H ). 

(This certainly holds for |a| = 0, given the hypothesis that \\<f — Id||i < l/2n and likewise 
for if>.) 

Now suppose that \a\ = k. We have the trivial identity 

= D a ((<p -ip)o y- 1 ) + D a (if) o ^ - if) o if,- 1 ) (2.5.2) 

To compute the derivative D a (ip o ^p~ x — ip o if)~ l ) at x G B r , we make repeated 
applications of the chain rule and Leibniz rule, so that we have a sum of terms each of 
which has the form, for some |/3| < \a\, 

Dpiplv-ifr) ■ Qp (v 3 " 1 ) \x ~ Dp^-ifa ■ (ip' 1 ) \ x , (2.5.3) 

where Qp(ip~ x ) is a polynomial expression in derivatives of y? -1 up to order |a| + 1 — 
(and likewise for Qp{ip~ 1 ))- We remark that each term like (I2.5.3P will have at most one 
factor with higher derivatives than \_k/2\ +1. Equivalently, (I2.5.3P is 



D^\f-t( x )- {Qp{^ l )-Qp{ip 1 ))\ x + D^ipl^-i^-ip^ l (x))-Qp(ip x ) \ x 

When |/3 1 = 1, this is, for some i, 
d 

— ijj\ip-i( x ) ■ D a (^ 1 - if) )\ x + Dp{if)\ 9 -i( x) - ^U-i(x)) • DaLp' 1 ^. (2.5.4) 
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Thus, by inverting the matrix = ^-^jlv -1 ^) an d applying h to the first term of 
expressions of the form (I2.5.4p . we may solve (I2.5.2P for D a (ip~ l — ip~ l )\ x . The solution 
will be a polynomial in: 



a matrix inverse whose norm is bounded by 2 

(since 



~ 2n'' 



• derivatives of ip up to order k, 

• derivatives of — up to order k — 1, 

• derivatives of (p — ip up to order k, 

• derivatives of up to order k, and 

What if we compute the norm of this solution? In the special case where ip = Id, 
by applying the induction hypothesis and combining the Leibniz polynomials we obtain 
that HV' -1 — Id||fc < £(|| , — Id||fc). Returning to the general case, this gives us the bound 
on Hv? -1 — Id||fe that we need to complete the proof. □ 

Lemma 2.5.7. Let E = B r x V be a trivial rank-n vector bundle over the closed ball 
B r C C n ; for each < r < 1. Then the the vector bundle automorphisms covering the 
identity, Aut(E), form an SCI-group with constant c = 2n, and act by SCI-action on the 
sections, T(E), with derivative loss s = 0. 

The necessary estimates follow in a straightforward way from the estimates for func- 
tions (Lemma I2.5.6H applied to matrix calculations, using Remark 12.5.21 for the inverse 
estimate (j2.4.4|) . 

The following lemma tells us that an action will be SCI if it is composed of SCI-actions 
in a certain sense. In fact, we don't use any of the algebraic structure of actions. 
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Lemma 2.5.8. Let A, B, Q and % be SCI-spaces, where A, B and Q each have a 
distinguished element Id, let 

■■.AxU^H and • : B x H — > H 

be operations satisfying estimates ( 12.4. 7p and (I2.4.8P with derivative loss s\ and S2 re- 
spectively (no other SCI-action structure is assumed), and let 

■ :Q xH — > H 

be an operation such that, for each ip G Q there are if a £ •A and ips £ B (with Ma = Id 
and Ids = Id) such that for each h G H , 

ip ■ h = ip A ■ (ip B ■ h). 

Finally, suppose there is an S3 such that for any ip,ip G Q and large enough k, 

\\VA ~ V'aIU < £(\\<P ~ 4>\\k+s 3 ) and \\<p B -il>B\\k < £(\\<p-i/>\\k+s 3 )- (2.5.5) 

Then the operation of Q onH also satisfies estimates ( 12.4. 7ft and ( 12. 4.8ft with derivative 
loss si + s 2 + s 3 . 

Proof. If if G Q and /, g G "H, we apply estimate ( 12.4. 7ft for the actions of A and B: 

\W ■ f - v ■ g\\k = \\<pa ■ {vb ■ f) - pa ■ {<pb -g)\\k 

< £(\\<pb -f-<PB- g)\\k, 1 + \\<pa - W|U+ S ) 

< - g\\ k , 1 + \\<p B - Id|| fc+S ), 1 + \\<p A - Id|| fc+S ) 

Composing the Leibniz polynomials and using ( I2.5.5P for \\ipA — Id|| and \\ipB — Id||, we 
see that estimate (I2.4.7P holds for the action of Q. 
If ip,i[) G Q and / G H, then 

W-f-ffWk = Ha-^B-I) - ¥>A-(<PB-f)\\ k 

< WA-(li>B-f)-<PA-{1>B-f)\\k (2-5.6) 
+ \\<PA-(&B-f)-<PA-(<PB-f)\\k. (2-5.7) 
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Similarly to above, we apply estimate ( 12.4. 8p to line (12.5.6P and estimate ( 12.4. 7p to line 
( I2.5.7p . and then vice versa, followed by the estimates ( I2.5.5p . and we see that ( 12.4. 8p 
holds for the action of Q, with total derivative loss s\ + S2 + S3. □ 

Lemma 2.5.9. The action of local diffeomorphisms by pushforward or by pullback on 
tensors constitutes an SCI-action with derivative loss s = 1. 

Proof. If ip : B r — > R™ is a local diffeomorphism with \\ip — Id||i < l/2n and v : B r — > 
TB r ~ B r x R™ is a vector field, then the pushforward of v by ip may be decomposed as 

(p*v = (Dtp ■ v) o 

where the derivative Dip is treated as a matrix-valued function, acting on v by multipli- 
cation. Similarly, if 9 : B r — > T*B r ~ B r x R n is a 1-form, then the pushforward of 9 
may be written 

<p.9 = (.(D<p T )- 1 .9)o<p- 1 , 

where the (Dip 7 *)' 1 is the matrix transpose and inverse at each point. We regard Dip ■ v 
and (Dip T )~ l ■ 9 as functions from B r to M. n , in which case precomposotion by ip~ x acts 
by SCI-action with derivative loss s = 1; and Dip and Dip~ l are automorphisms of the 
vector bundle B r x R n , and thus act by SCI-action with derivative loss s = 0. If ip is 
another local diffeomorphism then 

||£>V-£MU-i < U-vh, 

and 

\\(Dip T Y 1 — (Dip T y l \\ k _i < £(||l>v-£MU-i), 

so by taking a degree-shifted norm on the Dtp — Dip, we are in the case of Lemma [2.5.81 
A similar argument works for pullbacks, and for higher-rank tensors. □ 
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2.5.3 Estimates of Courant actions 

Lemma 2.5.10. Local generalized diffeomorphisms on the balls B r C C n form an SCI- 
group. 

Proof. Recall (Definition I2.2.8P that a local generalized diffeomorphism $ may be repre- 
sented (B, ip), where B is a closed 2-form and ip is a local diffeomorphism. If * = (B', ip) 
is another local generalized diffeomorphism, then 

$ o * = (ip*B + B', ip o ip) and = (-(ip-^B, ip' 1 ). 

We already know that local diffeomorphisms form an SCI-group, and 

r(l - c||$ - Id||i, r ) < r(l - c||<p - Id||i, r ), 

thus products and inverses exist at precisely the radii required in the definition. Further- 
more, estimates (I2.4.4p . ( 12.4. 5p and ( 12.4. 6p will be satisfied for the diffeomorphism term, 
thus we only need to check them for the 5-field term. 

We first bound $ _1 — * _1 (estimate (I2.4.4P ). Recall that the norm degree is shifted 
for the 5-field term. Since pushforward is an SCI-action with derivative loss 1, we may 
use the continuity estimates for SCI-actions: 

Wiip-yB-ir'fB'w^ 

= \\cp*B - ip*B' || fc _! 

< \\<p*B - V2*5')|U-i + \\<P*B' - ip^B'Wk^ 

< £(115 - B%^, 1 + \\<p - Id|U) + £(\\B'\\ k , \\<p - V|U, U - Id|U) 

< £(||$ - 1 + ||$ - Id|| fc ) + - Id|U +1 , ||$ - *|| fc , ||* - Id|| fc ) 

We use 1 + ||$ — Id||fe < 1 + ||* — Id||fc + ||$ — *||fc and combine the Leibniz polynomials 
to get estimate (I2.4.4D . 
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Now we bound $ o \1> — $ (estimate (12.4. 5p ). We use estimate (I2.4.8P for pullbacks on 
the second line: 

W m B + B'-B\\k-i < H*B - SUfc-i + US'lU-i 

< ,C(l + ||fl|| fc , 11^-IdlU) + \\B'\\ k ^ 

< £(1 + ||$ - Id|| fc+1 , - Id|| fc ) + - Id|| fc 

< £(l + ||$-Id|| fc+1 , ||*-Id|| fc ) 

Finally, we bound $o\l> — Id (estimate (12.4.61) ). We use estimate (I2.4.7P on the second 
line: 

u*B+B'-o\\ k ^ < wrsh-! + pVi 

< £(l + |^-Id|| & , ||S|| fc _i) + HS'llfc-x 

< £(l + ||*-Id|| fe , ||$-Idy + ||*-Id|| fc 

and the result follows. □ 

Remark 2.5.11. Regarding closedness, we consider a C^-convergent sequence of local 
generalized diffeomorphisms, 

lim (B n ,Lp n ) = ( lim B n , lim tp n ) = (B,<p). 

n — ^oo n — >oo n — too 

Since local diffeomorphisms are closed, ip is a local diffeomorphism; if each dB n = then, 
since the convergence is C°°, dB = 0; thus (B,tp) is a local generalized diffeomorphism. 
So the local generalized diffeomorphisms are closed. 

Lemma 2.5.12. The action of local generalized diffeomorphisms on the deformations, 
T(A 2 L*), of the standard generalized complex structure on B r C C n , as in Definition 
\2.2.1(A is a left SCI-action. 

Proof. Since this action is defined over precisely the same B r as pushforward by local 
diffeomorphisms, we need only check the estimates ( 12.4. 7p and (I2.4.8p . We consider 
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e G T(L) as a map from L — > L. A section of L$. £ is uniquely represented as u+($-e)(u), 
for some u G By definition, this is also the image of v + e(v) under for some 

v G T(L). Then 

u+ ($ • e)(w) = $*(t; + e(i>)) 

= ($.o(W + e))i(t;) + (^o(M + e))5(t;) 

The L and L components agree, so v — ^($* o (Id + s))2j (u) and 

($ . e )( tt ) = o (Id + e ))J o o (Id + e))^)" 1 («) (2.5.8) 

Similarly to the proof of Lemma 12.5.91 we interpret w as a map from B r to L C 
S r x C 2n , and we may write (I2.5.8P in terms of fibrewise linear maps and postcomposition 
by diffeomorphisms. 

Let 

D$ : B r — > Aut(C © T B r © T*B r ) ~ Aut(C" © C n ) 

be the trivialization of fibrewise action of the Courant automorphism $. If $ = (B,ip), 
thenD$ acts on each fibre, C®T X ®T* ~C"ffiC\ by (Zty(a;) © (D(p(x) T )- 1 ) ■ (1 + 5| x ); 
then, as a simple example, as in Lemma [2.5.91 we see that 

= (-0$) • (it O (/9 _1 ). 

Now for the case of (12.5.81) we may write 

(<&■£)(«) = P$ ■ (Id + e))J • U{D* -(Id + £ ))j) _1 o^ .„ 

We see that $ ■ e is constructed from e, $, D$ and Id through the operations of sum, 
matrix multiplication and matrix inverse, pushforward by functions, and restriction and 
projection (to L and L). Each of these operations is an SCI-action in the weak sense of 
Lemma |2.5.8[ so the result follows. □ 
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2.6 Checking the hypotheses of the abstract normal 
form theorem 

2.6.1 Preliminary estimates 

Lemma 2.6.1. If : V% x Vi — > W is a bilinear function between normed finite- 
dimensional vector spaces, and f : U — > V% and g : U — > Vi are smooth on a compact 
domain U, then, applying to f and g pointwise, 

\W,g)h < C(\\f\\ k \\g\\ +\\f\\o\\g\\k) < C'\\f\\ k \\g\\ k , 
and of course, ||0(/,^)||fc < \\g\\k)- 

Proof. As remarked in Proposition 12.4.41 as a consequence of the existence of smoothing 
operators on spaces of smooth functions, the interpolation inequality holds — for nonneg- 
ative integers p > q > r and any function / as above, 

\\ff- r < c\\f\\r q \\f\\y. 

From this inequality, the result follows by a standard argument (see [HI Cor. II. 2. 2. 3]). 

□ 

Lemma 2.6.2. If a G T(A l L*) and (3 G T(A j L*), then for k > 0, 

\\[<*,l3]\\k < C(||a|| &+1 ||/3|| 1 + ||a|| 1 ||^|| fe+1 ) < C"||a|| fc+1 ||/3|| fc+1 , 
and of course, \\[a,/3)\\ k < £(||a|| fc+ i, ||/3|U+i)- 

Proof. If a and /3 are generalized vector fields, there are pointwise-bilinear functions 
and A which express the Courant bracket formula (12.1 .ip as 

[a,P] = 0(«,/3 (1) ) - A(/3,a (1) ). 
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Then by Lemma 12. 6. 1[ 

\\[a,P]\\* < ^(ll«IUII/3 (1) llo + ||«||o||/3 (1) IU 
+ \\a^%\W\\ k + \\a^%\WU 



< C7(||a|| fc+1 ||/3|| 1 + ||«|| 1 ||/3|| fc+1 ) 

If a and /3 are higher-rank tensors and the bracket is the generalized Schouten bracket, 
a suitable choice of 9' and A' will give the same result. □ 



2.6.2 Verifying estimates ( 12.4.101 ). ( 12.4.111 ). ( 12.4.121 ) and ( 12 .4. 131 ) 



Recall that if e = E\ + e 2 + e 3 G T(A 2 L*), with the terms being a bivector, a mixed 
term and 2- form respectively, then ((e) = e 2 + e 3 . Then the following is an obvious 
consequence of our choice of norms. 

Lemma 2.6.3 (Estimate [2X10]) . For all e G T(A 2 L*) and any k, \\((e)\\ k < \\e\\ k . 

We recall following estimate, taken from [28], which was mentioned in Lemma [2.3.21 
Lemma 2.6.4. For all e G T(A 2 L*) and any k, \\Pe\\ k < C \\e\\ k . 
Lemma 2.6.5 (Estimate 12.4. lip . For any e G T(A 2 L*) and large enough k, 

||y( £ )|| fe <c||c( £ )lU + i(i + NU + i). 

Proof. V(e) = P[ei,Pe 3 }-P((e). But ||ei|| fc < \\e\\ k and \\e 3 \\ k < ||C(e)||*, so by applying 
the triangle inequality and then Lemmas 12.6.41 and 12.6.21 the result follows. □ 

Lemma 2.6.6 (Estimate 12.4. 12p . For any v G T(L*), any < t < 1 and large enough k, 

\\$tv-Id\\ k <£{\\v\\ k ) 

Proof. Let v = X+£, where X is a vector field and £ is a 1-form, and let &tv = {P>t v , <£tx)- 
From [26] we know that a counterpart of this lemma holds for the local diffeomorphism 
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(fitx, therefore we are only concerned with B tv . By the SCI-action estimate (I2.4.7P for 
pullbacks of differential forms, 



|<^IU-i < fi(||e||fc, 1 + H^x-IdlU) 



(2.6.1) 



The counterpart of this Lemma in [26J tells us that 



||^x-Id|| fc <£(||xy. 



We plug this into ( 12.6. ip and recall that ||i> ||fc = sup(||X||fc, ||£||jfc); then, 



MxdHWk-i < £(||«| 



But 



\B; 



tv jfe-1 



fc-1 



< / linden*-! 

</ 

< / 2(\Mk)dr 
Jo 



and the result follows. 



□ 



Lemma 2.6.7 (Estimate 12.4.131) . There is some s such that, for any v,w G T(L*), any 
integrable deformation e G T(A 2 L*), and large enough k, 



\$ v ■ e - $ w • e\\ k < £(\\v - w\\ k +i, 1 + \\v\\ k +2 + HHU+2 + IHIiH 

+ £ ((||f ||fc+3 + ||w||fc+3) 2 , 1 + INIfc+2) 



(2.6.2) 



Proof. The integral form of Proposition 12.2.161 tells us that 



1 ,1 

(dv + [v, ip tv ■ e]) dt - [dw + [w, cp tw ■ e)) dt 
Jo 

d(v - w) + / [f - w , iptv -e]dt + / [u> , iftv ■ £ - V 9 ^ • e \ dt 
Jo Jo 
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Integrating again, this time within the second Courant bracket, we get 

B(v — w) + / [v — w , (p tv ■ e] dt (2.6.3) 
Jo 

+ / / \w , 8{y — w) + [v, ip TV ■ e] — [w, (p TW ■ e]] drdt 



To estimate - e — & w -£||fc, we apply the triangle inequality to (12.6.31) . and consider 
the three terms in turn. Clearly, \\d(v — w)\\k is bounded by the first term in (12. 6. 2D . 
An aside: using the action estimate (12.4.91) and then Lemma 12.6.61 we see that 

\\<Ptv ■ < ^(IklU + IklU+i)- 

Turning now to the second term of ( 12.6.31) . we carry the norm inside the integral then, 
using the bracket estimate (Lemma l2.6.2l) and the above remark, we see that this term is 
bounded by the first term in ( 12. 6. 2ft . Similarly, the third term in ( 12. 6. 3D will be bounded 
by terms which have a factor of \\v — w\\, \\w\\ ■ \\v\\ or \\w\\ 2 . Counting the total number 
of derivatives lost on each factor, the result follows. □ 



2.6.3 Lemmas for estimate ( 12.4.141 ) 



The following lemma says that in our case the operator d+[ei, ■] is a good approximation 
of the deformed Lie algebroid differential 8 + [e, ■]. 

Lemma 2.6.8. For any e 6 T(A 2 L*) and large enough k, 

|| (BV(s) + [e, V(e)}) - (BV(s) + [e 1} V(s)}) \\ k < C\\((e) \\l +2 (1 + || £ || fe+2 ) 

Proof. 

\\(dV(e) + [e,V(e)))-(BV(e) + [e 1 ,V(e)))\\ k = \\[((e), V(e))\\ k 

< C\\C(e)\\ k+1 \\V(e)}\\ k+l 

< C||C(£)f fe+2 (l + ||£|| fc+ i), 

(using Lemma 12.6.51 for the last step). □ 
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The following lemma should be viewed as an approximate version of Proposition 12 . 3 . 1] 
telling us that the infinitesimal action of V(e) on e almost eliminates the non-bivector 
component. 

Lemma 2.6.9. For an integrable deformation e G T(A 2 L*) and large enough k, 
\\C(dV(e) + [s 1 ,V(e)]+e)\\ k < C\\C{e)\\l. 2 (1 + \\e\\ k+2 ) 

Proof. 

dV(e) + [e 1 ,V(e)] = 9P[ei,Pe 3 ] - dPe 2 - dPe 3 

+ [e 1 ,P[E 1 ,Pe 3 \] - [e u Pe 2 ] - [e u Pe 3 ] 

The terms [ei,Pe2] and [ei, P[ei, P^]] lie in A 2 Ti )0 , so 

C(dV(e) + [e 1 ,V(e)]) = dP[e Xl Pe 3 ] - dPe 2 - dPe 3 - [e 1? Pe 3 }. 

We apply the identity dP = 1 — Pd ( 12.3.21) to the first three terms on the right hand 
side, giving us 

[e u Pe 3 ] - Pd[e u Ps 3 ] -e 2 + Pde 2 -e 3 + Pde 3 - [ £l , Pe 3 ] 
= -Pd[e 1 ,Pe 3 \ + PdE 2 + Pde 3 -({e) (2.6.4) 

We now use the fact that e satisfies the Maurer-Cartan equations, (12. 2. 6ft through (12. 2. 9ft . 
By (12~2T9D . Pde 3 vanishes. By (EXHD, 

Pde 2 = -P Q[e 2 ,e 2 ] + h,e 3 ]j . (2.6.5) 

By equation 12.3.31 

-Pd[ £l ,Pe 3 ] = P[e u dPe 3 ]-P[de u Pe 3 ] 

= P[e u e 3 ]-P[de u Pe 3 ] (2.6.6) 

P[ei,£ 3 ] cancels between (I2.6.5P and (I2.6.6p . Thus (I2.6.4[) becomes 

-ip[e 2 ,e 2 ]-P[&i,Pe 3 ]-C(e) 
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Applying ( I2.2.7P to dei, this is 



--P[e 2 ,e 2 ] + P[[e 1 ,e 2 },Pe 3 )-C{e) 



Through applications of Lemmas 12.6.41 and I2.6.2[ we find that the first two terms have 
/c-norm bounded by 



C(\\e 2 \\ 2 k+1 



The result follows. 



lkl||fc+2 ll £ 2|U+2 H^llfc+l) < C||C( £ ) ||fc+2 (1 + INU+2) 



□ 



The following lemma is a version of Taylor's theorem. 

Lemma 2.6.10. There is some s such that for any integrable deformation e G T(A 2 L*), 
any v G T(L*), and large enough k, 



[$ v -e-e)-(dv + [e,v])\\ k < + ||e|| fc+5 , ||v| 



k+s) 



Proof. Applying the integral form of Proposition 12.2.161 we see that 

\\(<f> v -e-e)-(3v+[e,v])\\ k = J {dv + [§ tv ■ e,v}) dt - (8v + [e,v]) 

= / [$tv - e-£,v]dt 
Jo k 

< / £(|H| fc+ i, \\$ tv -e-e\\ k+1 )dt 
Jo 

Where in the last line we have carried the norm inside the integral and applied Lemma 
(12.6.21) . Applying the second axiom of SCI-actions (I2.4.8P and then Lemma |2.6.6[ for 
some s and s', 

\\$tv -e-ellfc+i < £(1 + ||£|U+ S ', \\$t» -Id|| fe+S ') 
< £(1 + ||e||fe+ a , \\v \\ k+ s) 



Integrating the above estimate, the result follows. 



□ 
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Lemma 2.6.11 (Estimate 12.4.14( 1. There is some s such that, for any integrable defor- 
mation e G T(A 2 L*) and large enough k, 

\\{{*v(e) ■ e)\\ k < \\((e)\\lX 5 s Poly(\\e\\ k+s , ||$ v(e) - Id\\ k+S , \\((e)\\ k+s , \\e\\ k ), 

where in this case the polynomial degree in ||e||jfc+ a does not depend on k. 

Proof. This is just an application of the triangle inequality using the estimates in this 
section. We will show that, in the following series of approximations, terms on either 
side of a ~ are close in the sense required: 

C(*v ( «)-e-e) ~ ((dV(e) + [e,V(e)]) ~ {(dV(e) + ~ -((e) 

If so, then ^(^ V (e) ' £ ) ~ as required. 

Applying the estimate for V(e) (Lemma 12.6.51) to Lemma [2.6.101 we see that 



\\(<t> vi£y e-e)-(dV(e) + [e,V(e) im 

< 2 (1 + ||£|U +S , ||C(e)||^ +1 (1 + \\e\\ k+s ' + i)) ■ 

Applying ( to the left hand side, this is the first approximation above. (We remark that 
for large k, \_(k + s)/2j + 1 < k, so we have a strictly limited degree in I > k.) The 
remaining approximations are Lemma 12.6.81 (after applying ( to its left hand side) and 
Lemma 12.6.91 respectively. □ 

As remarked in Section I2.4.3[ we should now consider the Main Lemma proved. 



2.7 Main Lemma implies Main Theorem 

It is certainly the case that, near a complex point, a generalized complex structure is a 
deformation of a complex structure. However, this deformation may not be small in the 
sense we need. Therefore we use two means to control its size. 
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In this section, by 5 t '■ C n — > C n we will mean the dilation, x i — > tx. If e is a tensor 
on C n , then by 8 t e we mean the pushforward of e under the dilation map x i — > tx. The 
complex structure on C n is invariant under 5 t ; therefore if e G T(A 2 L*) is a deformation 
of the complex structure, then 5 t e = (0, 5 t ) ■ e as in Definition 12.2.101 

Suppose that e G T(A 2 L*), where L* = Ti )0 © T * 1 , and that e is decomposed into 
Ei + E2 + £3, where e% is a bivector, e 3 is a 2-form and £2 is of mixed type, as in Section 
12.2.21 We wish to see how 8 t acts on these terms. 

Proposition 2.7.1. Suppose that t > 0. For any igC" and any k we have the following 
pointwise norm comparisons for derivatives of e, before and after the dilation. Let k > 0. 
Then 

||(W fe) (ta)llo < t 2 - k \\e[ k \x)\\ 
\\(6 t e 2 f\tx)\\ < r k \\e { 2 k \x)\\ 
and \\(5 t e 3 )W(tx)\\ < r^'H^) Ho- 

Proof. Under a dilation, vectors scale with t and covectors scale inversely with t. Then 

(5 t ei)(tx) = t 2 ei(x), (5 t e 2 )(tx) = e 2 {x) and (5 t e 3 )(tx) = r 2 e 3 (x). (2.7.1) 

If Xi is a coordinate and / a tensor, then 

^»^ = < '(^)( te ' = rt '(^ / ) (te) 

This tells us that 

IKW^C^IIo^r 1 !^^*)) (te)|| 

By induction on this inequality and then applying the formulas in ( 12.7.ip . the result 
follows. □ 

We now define the A-transform, which is not a Courant isomorphism, but which does 
take generalized complex structures to generalized complex structures. 
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Definition 2.7.2. If t > 0, let X t : T © T* — > T © T* so that \ t (X,£) = (tX,£). 
Then X t also acts on generalized complex structures by mapping their eigenbundles (or 
by conjugating J). 

A t commutes with diffeomorphisms, but it does not quite commute with Courant 
isomorphisms. 

Notation 2.7.3. If $ = (B,ip) is a Courant isomorphism, then let At • $ = (t -1 .B,</?). 
Proposition 2.7.4. If $ is a Courant isomorphism then 

$ o At = At o (At ■ $). 

Again we consider a deformation e = e% + e<i + £3 of the complex structure on C n . 
Xt{L e ) will be another generalized complex structure. 

Proposition 2.7.5. X t (L e ) = L\ t£ , where 

X t e = tex + e 2 + ^63. 

Remark 2.7.6. We can check that this transformation respects the Maurer-Cartan equa- 
tions, (I2.2.6P through (I2.2.9p . which tells us that if L e was generalized complex then so 
is X t (L £ ). 

We can now prove that the Main Theorem follows from the Main Lemma. Recall: 

Main Lemma. Let J be a generalized complex structure on the closed unit ball Bi about 
the origin in C n . Suppose that J is a small enough deformation of the complex structure 
on B\, and suppose that J is of complex type at the origin. Then, in a neighbourhood of 
the origin, J is equivalent to a deformation of the complex structure by a holomorphic 
Poisson structure on C n . 

Main Theorem. Let J be a generalized complex structure on a manifold M which is of 
complex type at point p. Then, in a neighbourhood of p, J is equivalent to a generalized 
complex structure induced by a holomorphic Poisson structure, for some complex structure 
near p. 
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Proof of Main Theorem from Main Lemma. Suppose that J is a generalized complex 
structure on M, with p a point of complex type. We may assume without loss of gen- 
erality that p = in the closed unit ball B\ C C n , where the complex structure on 
T C n induced by J agrees with the standard one. By application of an appropriate B- 
transform, we may assume that, at 0, J agrees with the standard generalized complex 
structure, Jc«, for C n . Then, near 0, J is a deformation of J^n by e E T(A 2 L*), and e 
vanishes at 0. 
For t > 0, let 

R t e = 5 t -i X t 2 e = \ t 2 5 t -i e. 

Since e (and hence R t e) vanishes at to at least first order, there is some C > such 
that, for all < t < 1, 

IKRtS^WoKCtlKR^it-'x)^. (2.7.2) 
For derivatives k > 0, we apply Proposition 12. 7. II to the components £i, e 2 and £ 3 , and 

IK^O^rMllo < r 2+fe ||(A t2£l )W(z)|U, 

IK^WCr^Ho < t k ||(A t2 e 2 )( fc )(a;)|| fc and 
IKte^r^llo < t 2+k ||(A t2£3 ) (fe) (^)IU- 

But according to Proposition 12.7.51 the effect of X t 2 is 

\\(R t e 1 Y k \t- 1 x)\\ < t k \\e?(x)\\ k , 
IK^WCt-^Ho < t k \\e?\x)\\ k and 
||(^ 3 ) (fe) (rt)llo < t k \\ei k \x)\\ k . 

Thus, if k > or (because of (I2.7.2p . if k = also), we have 

\\(R t eY k \x)\\ <Ct\\e^(x)\\ . 

So, 

\\(Rte)(x)\\ k <Ct\\e(x)\\ k . 
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Taking the sup-norm always over the fixed set Bi, we have that ||i?t£||fe < Ct \\R t e\\k- 
Thus 1 1 R t e ||fe is as small as we like for some t, and satisfies the hypotheses of the Main 
Lemma; so there exists a local Courant isomorphism $ such that $ t ■ Rte = (3, where j3 
is a holomorphic Poisson bivector. Then 

(3 = $ t .(AM-ie) 

= \ t 2 ((A t 2 • $ t ) • 5 t -i e) 

But the action of \ t 2 on a bivector is just scaling by t 2 , so 

(A t2 • $ t ) • <J t _i £ = t~ 2 p. 

Thus, starting from a suitably small neighbourhood of 0, by applying first the dilation 
5 t -i and then the Courant isomorphism \ t 2 • <3> t , we see that e is locally equivalent to the 
holomorphic Poisson structure t~ 2 /3. □ 



Chapter 3 

Generalized complex structures on 
symplectic foliations 

A generalized complex structure induces a Poisson structure and, transverse to its sym- 
plectic foliation, a complex structure. For a regular generalized complex structure, there 
is no more local information than this (up to isomorphism). 

In considering the relation between, on the one hand, pairs (P, /) of regular Poisson 
structures P and transverse complex structures I and, on the other hand, regular gen- 
eralized complex structures, two questions come naturally to mind. First of all, given 
such a (P, J), is it induced by a generalized complex structure? Locally, the answer is 
always yes, so any obstruction must be global. Second, if (P, /) is induced by a gen- 
eralized complex structure, how may we classify (up to P-transform) those generalized 
complex structures which induce (P, 1)1 It is the first of these questions we address in 
this chapter. 

In Section I3.1[ we review the definitions and basic facts of generalized complex struc- 
tures from the pure spinor viewpoint. In Section I3~2| we state our problem precisely, give 
the basic construction we will continue to use throughout the chapter, and give some 
simple sufficient conditions for an affirmitive answer. In Section 13. 3\ we study our con- 

51 
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struction in more detail, and give necessary and sufficient conditions for an affirmitive 
answer (see Theorem 13. 3.4)) . 

In Section I3.4[ we study these conditions in the case where the symplectic foliation 
of P corresponds to a fibre bundle over a complex base. We find that, as a necessary 
condition, the relative cohomology of the symplectic form should be pluriharmonic under 
the Gauss-Manin connection (Theorem 13.4.121) . If a smooth symplectic family induced 
by a generalized complex structure is a surface bundle, or in higher dimensions if certain 
topological conditions are satisfied, we show that it is in fact a symplectic fibre bundle, 
that is, it has symplectic trivializations (Theorem I5.1.6p . 

We find some counterexamples, for which a regular Poisson structure and transverse 
complex structure do not come from a generalized complex structure, as well as some 
unexpected examples (in particular, see Example 13.4. 18j) . 

3.1 Pure spinors and generalized complex structures 

We briefly review the pure spinor formalism of generalized complex structures. This is 
not the usual way these structures are introduced — a generalized complex structure J on 
a manifold M is usually defined as a complex structure on a Courant algebroid over M 
(see, eg., the introduction to Chapter 2, or Chapter 5, Definitions 15.1.11 and 15 . 1 . 41 for more 
details) — but the data in either formalism determine each other, and in this chapter we 
stick to only one for the sake of brevity. For details, and proofs of claims in this section, 
see pi]. 

Remark 3.1.1. We may consider the complexification of every quantity in the following 
definitions, eg., complex pure spinors. As a point of notation, we indicate the complex- 
ification of a real vector bundle by a subscript C. For example, if V is a vector bundle 
over M, then Vc = C (g> V. In this chapter we only consider smooth sections of bundles. 
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3.1.1 Algebraic definitions 

Definition 3.1.2. By a spinor on a manifold M we will mean a (complex) mixed-degree 
differential form p 6 T(A'T^M). 

Definition 3.1.3. Sections of TM © T*M act on the spinors via the Clifford action, by 
contraction and wedging: if (X,£) G T(TM © T*M) and p is a spinor, then 

Therefore, every spinor p on M has a rraW subbundle L p C TM © T*M which is just its 
annihilator under the Clifford action. 

Definition 3.1.4. A spinor p is pure if L p is a maximal isotropic subbundle with respect 
to the standard symmetric pairing on TM © T*M. 

Such a maximal isotropic subbundle will have half the rank of TM © T*M; that is, 
its rank will be the dimension of M. 

Definition 3.1.5. A (complex) maximal isotropic L C TqM © T^M has real rank zero 
if its intersection with its complex conjugate is trivial, that is, L D L = 0. We will also 
say that a (complex) pure spinor p has real rank zero if L p does. 

An almost complex structure may be given by its canonical line bundle, the top wedge 
power of the (1, 0)-forms. Analogously, 

Definition 3.1.6. An almost generalized complex structure J on M is given by a pure 
spinor line bundle kj C A'T^M of real rank zero, called the canonical line bundle of J. 

The type of J at a point x is the lowest nontrivial degree of its canonical line bundle 
at x. J is regular at x if its type is constant near x. 

We understand the type of J as the number of complex dimensions, as will be made 
clear (see Proposition 13.1.101) . 
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Remark 3.1.7. The relation between the pure spinor formalism and the definition of 
generalized complex structures as anti- involutions, J : T C M © T C M — > T C M © T C M, on 
the standard Courant algebroid, is just that the +i-eigenbundle of J is identified with the 
null subbundle, L p , of the pure spinor bundle. The conditions on integrability (Definition 
I3.1.13P will be equivalent [17] . 

Definition 3.1.8. Let S C TM be a distribution on M. Then an almost complex 
structure transverse to S is an almost complex structure on NS = TM/ S. 

A transverse almost complex structure I gives a decomposition of N£S into +i and 
— i-eigenbundles, Nf S and N^S respectively. The canonical line bundle of I is 

kj = A k Nl S, 

where k = dim c (A 7 " 1]0 5'). 

A transverse almost complex structure is integrable if S © A" 10 is Lie-involutive. 

Definition 3.1.9. We define the spinor exponential with the usual Taylor series: let B 
be a form of even degree. Then 

e B = l + J B + i J BA J B + ..., 

where in this case the wedge products eventually vanish and the series is finite. 

Note that, since wedge product is symmetric for forms of even degree, this exponential 
is actually a homomorphism from addition to wedge product. 

Proposition 3.1.10. If J is an almost generalized complex structure, then at a point 
its canonical line bundle is of the form 

Kj = e B+iw A ki (3.1.1) 

for some almost complex structure I transverse to a (possibly singular) distribution S , 
and real 2-forms B and u, where the pullback of uo to S is nondegenerate. If J is regular, 
then such a representation exists in a neighbourhood of any point. 
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Remark 3.1.11. kj is the lowest-degree component of kj; hence, the distribution S = 
Ann(/«j) and the transverse almost complex structure I are uniquely determined by Ja. 
However, B + iu> is not. Rather, B + iu is well-defined up to N* Q A T£M; that is, B + iu 
is a well-defined section of A 2 (Sc © ^o,i)*- 

In generalized geometry, the symmetry group of a manifold is taken to be larger than 
just the diffeomorphisms. In addition, it includes the following: 

Definition 3.1.12. If B is a real 2-form and J is an almost generalized complex structure 
with canonical line bundle kj, then the B-field transform (or just B-transform) of J is 
written B ■ J, and may be defined in terms of its action on kj\ 

kb-j = e B A Kj. 

We distinguish between closed 5-transforms and non-closed I?-transforms, since when 
the 2-form B is non-closed, the integrability condition changes (see Proposition 13. 1 . 15[) . 

3.1.2 Integrability of generalized complex structures 
Definition 3.1.13. If if is a closed real 3-form and p is a spinor, then 

dnp '■= dp + H A p. 
We say that a pure spinor p is H -integrable if 

d H p = (X, ■ p 

for some (X, G 1 . M © 1--M. 

We say that an almost generalized complex structure J is if-integrable, or, alterna- 
tively, that J is a generalized complex structure with curvature H, if near any point the 
canonical line bundle kj of J has an if-integrable local generating section. 

Remark 3.1.14. If such a cover of if-integrable sections of kj exists, then in fact all local 
sections of kj will be if-integrable. 
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Furthermore, if J is if -integrable and is regular at x, then in fact there is a ^-closed 
local generating section of kj near x. 

Proposition 3.1.15. If J is an H-integrable generalized complex structure for some 
closed 3-form H , and B is a 2-form, then B ■ J is an {H + dB)-integrable generalized 
complex structure. 

Proposition 3.1.16. Let J be a generalized complex structure integrable with respect to 
some closed 3-form. As per Remark \3 '. 1 . 1 1\ let S be the (possibly singular) distribution 
determined by J, let I be the transverse almost complex structure, and let B + ioj be the 
2-form on S © N ^S. 

Then S integrates to a foliation, u pulls back to this foliation to give the symplectic 
leaves of a Poisson structure, and I is integrable. 

Thus, a generalized complex structure determines a Poisson structure and a transverse 
complex structure. The following local normal form theorem says that this is the only 
local information. 

Theorem 3.1.17 (Gualtieri, [17]). If J is an (integrable) generalized complex structure 
regular at x, then there is a neighbourhood of x which is isomorphic — via diffeomorphism 
and B-transform — to a neighbourhood in the following generalized complex manifold: 

Let Kj = A fc T 10 C fc be the canonical line bundle of C fc for some k, and let u be the 
standard symplectic form on lR 2m for some m. Then the line bundle, 

k = e iu) A k 7 , 

is the canonical bundle for a generalized complex structure with curvature H = on 
C k x R 2m . 

In other words, near a regular point, any generalized complex structure is equivalent 
to the product of a complex structure with a symplectic structure. 
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3.2 Problem statement and non-integrable solution 

In what follows, suppose that P is a regular Poisson structure on M with symplectic 
foliation F, and that J is a transverse complex structure to F. Our question is: 

• When does the pair (P, I) come from a generalized complex structure on M, as in 
Proposition 13.1.161 .'' 

This is always the case locally, as a corollary to Theorem 13.1.171 so any obstruction must 
be global. The global answer is "not always" (even though P and I are integrable). We 
will provide counterexamples. 

However, we can always find almost generalized complex structures inducing (P,I). 
We give a construction, which will then be the basis of our solution of the original 
question. 

Notation 3.2.1. We may understand the Poisson structure as a map P : T*M — > TM. 
Then, in what follows, let S = im(P) = TF, where F is the symplectic foliation. P 
determines a leafwise symplectic form u G T(A 2 S*). 

lo is leafwise-closed, and leafwise nondegenerate. The complexification of the normal 
bundle, N = TM/S, splits as N c = iV 1)0 © iV 0il according to the transverse complex 
structure /. The integrability condition on I is just that the bundle iV 0il © Sc is Lie- 
involutive in T^M. 

Definition 3.2.2. If N C TM is a smooth distribution complementary to S (using the 
same notation as for the normal bundle), then we may extend u to M by specifying 
ker(w) = N. 

Then the almost generalized complex structure, Jjy, induced by (P, I) and the choice 
of N, is defined by the canonical line bundle 

fi = e w A(A%) = e"AK; (3.2.1) 
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Proposition 3.2.3. Let J be an almost generalized complex structure inducing (P,T). 
Then for any choice of complementary distribution N C TM, J is equivalent, up to a 
B -transform, to the structure Jjq. 

Proof. As per Proposition 13.1.101 the canonical line bundle of J is 

Kj = e B+lul A kj, 

where B + iuj is a section of A 2 (Sc © ^0,1)*- By choosing iV C TM and specifying 
B + iuj G Ann(A^i ; o), we extend B + iu to a section of A 2 T^M. u extended in this way 
will be the same u as in Definition 13.2.21 above. Then 

e - B Ak,j = e iuJ A «j. 



□ 



3.2.1 Example 

Using Definition l3.2.2l we can answer our question in the affirmitive in some special cases. 
The following was originally observed by Cavalcanti [TT] : 

Proposition 3.2.4. If the leaf wise- closed symplectic form uj extends to a closed form £j 
on M , then (P, I) comes from a generalized complex structure, integrable with curvature 
H = 0. 

Proof. The generalized complex structure is defined by the canonical line bundle 

e iQ A ki, 

which admits closed local sections. □ 

Corollary 3.2.5. If S admits a complementary foliation R, for which u is constant in 
the directions of R, then (P, I) comes from a generalized complex structure. 
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Proof. We embed the normal bundle as N = TR C TM, using the same symbol N. As 
in Definition I3.2.2[ we extend w to M by specifying that ker(co>) = N. Since u is constant 
along the directions of R, and uj is closed on S, then on the total space dcu = 0. (We can 
see this by expressing a neighbourhood as a product decomposition for S and R.) □ 

3.3 Integrability — the general case 

If J is a generalized complex structure inducing (P,I), then for any choice of N com- 
plementary to S, J is equivalent via a 5-transform to the almost generalized complex 
structure Jn in definition 13.2.21 But then Jn is integrable — if J was if'-integrable and 
B ■ J = Jn, then Jn is if -integrable for H = H' + dB. Contrapositively, if Jn is not 
integrable, then there is no generalized complex structure J inducing (P,I). 

Therefore, we answer the question of whether (P, I) comes from a generalized complex 
structure by choosing any complementary N, and then testing to see if Jn is integrable 
for some closed 3-form H. 

Fix the choice N C TM complementary to S. Suppose that if is a closed 3-form such 
that Jtv is if-integrable. We will study two types of conditions on H — the ii-integrability 
of Jat, and the closedness of H. 

3.3.1 Trigrading 

The decomposition TM = Ni >0 © N i © S gives us a trigrading on forms. We write the 
components of H as if u ' , where i and j are the degrees in the Dolbeault complex of N, 
and k is the degree on S. 

We decompose the exterior derivative according to the grading. If the distributions 
Ni t o, iVo,i and S were each integrable, then d would decompose as d + d + ds, where 
each term increases by one the respective degree in the trigrading. The terms would 
anticommute, and we would have a triple complex. However, since the distributions may 
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not be integrable, there may be additional terms. 
Lemma 3.3.1. d decomposes as 

d= d + 5 + 6 + 6 + d s (3.3.1) 

10,0 01,0 20,-1 02,-1 00,1 

Under each term we indicate the degree of the operator. Furthermore, 6 and 6 are tensors 
in F(A 2 N* £g> S), acting on forms by contracting in S and wedging in N* . 

Proof. We don't give details, since results similar to this are found in the literature. See, 
for example, a real counterpart in [5J Proposition 10.1]; d decomposes as 

d = d N + Q + d s , 

where d^ has degree +1 in N*, and G acts as a tensor with degree +2 in N* and — 1 
in S*. Similarly, pulled back to the integrable distributions iV^o © S and Nq^ © S, d 
becomes d + 9 + ds and d + 6 + d$ respectively, and then d^ = d + d and = 6 + 8. □ 

Remark 3.3.2. It is not the case that each term in the decomposition of d squares to zero; 
but, of course, d 2 = 0, and by decomposing this equation according to degree we may 
find second-order relations between terms. 

3.3.2 #-integrability 

Proposition 3.3.3. Let H be a real closed 3- form. Then J^, as in Definition \3.2.^ is 
H -integrable if and only if the following equations hold: 



if 00 ' 3 = (3.3.2) 

H 01 > 2 = -idou (3.3.3) 

H 02 ' 1 = -iOu (3.3.4) 

H 03 >° = (3.3.5) 



Chapter 3. Generalized complex structures on symplectic foliations 61 



Proof. The if-integrability of Jn says that, for a local closed generating section G 
r(ftj), we should have 

= d H {QAe iul ) 

= QA{d H e iul ) 

= Vl A {d + H A)e iu] 

= Q A (diu + H) 

That is, for all j and k, 

- i(du)° hk = H 0j ' k . (3.3.6) 

Equations fl3.3.3p . f)3.3.4p and (13.3. 5j) are just selected degrees of this condition, ac- 
cording to the trigrading. The (00, 3)-degree component of this condition is if 00,3 = 
—idsoj; however, we supposed that u was leafwise-closed, i.e., dsu = 0, and so we get 
Equation (I3T3T2D . 

Since H is real, we have that H % ^ k = ffi l ' k , and so these equations also determine 
H 10 ' 2 , H 20 ' 1 and if 30 - . □ 

The effect of these conditions is that certain degrees of H are completely prescribed by 
(P, /) and the choice of N. These prescribed terms are not in themselves an obstruction 
to the existence of an appropriate H. Given these conditions, there remain two free 
terms, H 11 * 1 and H 2lfi . (if 12,0 must be conjugate to H 2lfi .) 

3.3.3 Closedness of H 

Theorem 3.3.4. Suppose that P and I are a regular Poisson structure and a transverse 
complex structure respectively. Let N be a choice of complementary distribution to the 
symplectic distribution S, let uj be the extended symplectic form (as in Definition \3.2.ty) . 
and letd = d + d + 9 + 9 + ds be the decomposition as in Lemma \3. 3.1\ 
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Then (P, I) comes from a generalized complex structure if and only if there exist forms 



a E ft 11 - 1 and p e ^ 21 '° 



(where a is real) such that the following hold: 



= d/3 + 9a (3.3.7) 

= d@ + 8/3 + 2i66lu (3.3.8) 

= da + 2id6u + d s (3 (3.3.9) 

= -2iddco + d s a (3.3.10) 



Proof. We take the almost generalized complex structure Jn as in Definition 13.2.21 and 
try to find a closed 3- form H integrating it. This succeeds if and only if (P, I) comes 
from a generalized complex structure. Such an H, if it exists, is determined by Equations 
(13.3.21) through (13.3.51) . the free terms a = if 11,1 and ft = H 21 ' , and the reality conidition 
on H . 



We will decompose the condition dH = by degree in the trigrading. We only look 
at terms which involve a or /3, and we consider only one term from each conjugate pair. 
Furthermore, we make the substitutions in equations (13. 3. 2D through (I3.3.5f) and their 
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conjugates. Then 

(dH) 31 ' = dH 21,0 + 3H 30,0 + 6H 111 
= d(3 + 6a 

(dH) 22fi = dH^ + dH^ + dH^ + dH 20 ' 1 
= dp + dp - i99w + i69u 

(dH) 21 ' 1 = dH 11 ' 1 + dH 20 ' 1 + 6H 01 ' 2 + d s H 21 ' 
= da + idetu -iedco + dsP 

(dH) 11 ' 2 = dH 01 ' 2 + dH 10 ' 2 + dsH 11 ' 1 
= —idduj + idduo + d s a 

These resemble Equations ( 13. 3. 7ft through (I3.3.10p . except that in the statement of the 
theorem we have used the following anticommutation relations: 

66 + 66 = 0, 36 + 68 = and dd + 3d = 

(These relations follow from grouping terms in d 2 = by degree.) 

The other terms, which do not feature a or P, automatically vanish, and thus provide 
no constraint. (If they didn't vanish, then there could be no possible solution for H, even 
locally, and as we remarked earlier, this problem is always locally solvable.) □ 

Remark 3.3.5. Note that if the type — that is, the complex dimension of AT 1)0 — is 1, then 
equations (I3.3.7p . (I3.3.8|) and f!3.3.9|) are trivially satisfied. 
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3.4 Smooth symplectic families 

Definition 3.4.1. A smooth symplectic family over a complex manifold B is a fibre 
bundle tt : X — > B with a Poisson structure whose symplectic leaves coincide with the 
fibres. By pullback from B, it inherits a complex structure transverse to the symplectic 
foliation. 

We say that a smooth symplectic family over a complex manifold is generalized com- 
plex if its Poisson structure and transverse complex structure are induced by a generalized 
complex structure. 

Remark 3.4.2. A smooth symplectic family need not be a symplectic fibre bundle, since 
it may not have symplectic local trivializations. 

3.4.1 Surface bundles 

We first consider smooth symplectic families with compact, 2-dimensional fibres over a 
complex base. We show that the symplectic volume of the fibres, as a function on the 
base, is pluriharmonic. Furthermore, if the base is compact and connected, then the 
symplectic family is in fact a symplectic fibre bundle. 

Proposition 3.4.3. Let n : X — > B be a smooth symplectic family with compact, 2- 
dimensional fibres over a complex manifold B, with Poisson structure P and transverse 
complex structure I . 

If (P, I) comes from a generalized complex structure on X , then the function V : 
B — > R giving the symplectic volume of each fibre must be pluriharmonic, i.e., ddV = 0. 
In particular, if B is compact then V is locally constant. 

Proof. Suppose that (P, 7) comes from a generalized complex structure J. Pick a point 
p G B. Over a neighbourhood U 3 p, we may trivialize 7r~ 1 (f/) as a surface bundle, and 
thus choose a horizontal distribution, iV C TX, which is integrable. Thus we get the 
decomposition of d as in Lemma 13.3.11 
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We then construct the almost generalized complex structure on 7r — 1 (f7) as in 
Definition 13. 2. 21 Since J is integrable, so must be for some curvature H. Then there 
must exist a = H 11,1 and (3 = H 21,0 which satisfy equations (13.3.71) through (13.3.101) . In 
particular, if u is the leafwise symplectic form (extended to X by the choice of N), then 

dgOi = 2iddu>. 

The Poisson structure determines an orientation on the fibres, and since the fibres 
are compact surfaces, we may integrate this equation over the fibres — we denote this 
integration by f F . Since dsa is (i^-exact and F is compact, by Stokes' theorem J F d$ = 0. 
Furthermore, dd commutes with the integral; so we have 

/ d s a = / 2iddu 
Jf Jf 

= 2idd J co 
= 2iddV 

thus proving the claim. 

Finally, if B is compact, then, by the maximum principle, the condition dd V = 
implies that V must be locally constant. □ 

This provides a source of counterexamples: 

Corollary 3.4.4. Let X — > B be a compact symplectic surface bundle over a compact 
complex manifold B, with Poisson structure P coming from the symplectic fibration. Let 
I be the transverse complex structure pulled back from B. 

If V : B — > R is a smooth, positive, not-locally- constant real function, then the 
product P = VP is a Poisson structure on X , and the pair P and I does not come from 
a generalized complex structure on X . 

If the base is compact and connected, then we can strengthen Proposition 13.4.31 as 
follows. 
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Proposition 3.4.5. Let tx : X — > B be a smooth symplectic family, with compact, 2- 
dimensional fibres, over a compact, connected complex manifold B, let P be its Poisson 
structure and let I be its transverse complex structure. 

If (P, I) comes from a generalized complex structure, then tt : X — > B is a symplectic 
fibre bundle. 

Proof. We prove the existence of local symplectic trivializations. Our technique is to 
check that in this case Moser's trick (see, eg., [7]) works in a smooth fibrewise way. 

Let p be any point in B. Let S = it~ l (p) be the fibre over p. Since X is locally 
trivializable, there exists a neighbourhood U of p such that 7r _1 (?7) ~ U x S as smooth 
fibre bundles. 

Given this identification, we may consider two fibrewise symplectic forms: u, which 
comes from the Poisson structure P, and ojq, which is constructed by taking u\s and 
copying it to every fibre in 7r _1 ([7) according to the local trivialization. (Then the local 
trivialization is symplectic for ojq.) 

Let Lot — (1 — t)ojQ + toj be an interpolation between uj and ojq. Then 

duj t 

— = u - u . 

at 

The conclusions of Proposition 13.4.31 hold. In particular, since B is compact and 
connected, V is constant. But for a given fibre F, the classes [u>\f] and [u)o\f] in H 2 (F) 
are determined by V(F) and V(S) respectively. Thus [u\f] = [wq\f\, and there is some 
1-form n\p on F such that u\f — oj$\f = d^p- 

Since the fibres are compact, and since u and Uq vary smoothly, we may choose 
fibrewise \x smoothly with respect to the fibres (for example, by picking the harmonic 
representative according to some metric). Then, as fibrewise forms, we have 

du t 

— = lo - u = dfi 
at 

On the distinguished fibre S, u t \s is a constant family of symplectic forms. By 



Chapter 3. Generalized complex structures on symplectic foliations 67 



possibly taking a smaller neighbourhood around p, we can ensure that u t is fibrewise- 
nondegenerate for all fibres and all t G [0,1]. 

Since Ut is fibrewise-nondegenerate, we may solve 

L Vt U t = H 

for a smooth vertical vector field Vt- Then 

C Vt u t = di vt u t = dp = 

dt 

Since the fibres are compact, we may integrate v t to a fibre-preserving flow taking u to 
Uq, which is the symplectic trivialization. □ 

Example 3.4.6. We would like to give examples of generalized complex structures on 
surface bundles for which the fibrewise volume function is non-constant. In particular, 
these would not be symplectic fibre bundles. According to Proposition 13.4. 3[ such exam- 
ples would have a non-compact base, and the fibrewise volume would be pluriharmonic. 
We define them as follows: 

Let X — > B be a symplectic fibre bundle with flat connection over a noncompact 
Riemann surface, and suppose that V : B — > M is a nonconstant, positive pluriharmonic 
function (for example, a real linear function on the upper half plane "H + C C). Let X 
be the same bundle as X but with the symplectic form on each fibre scaled by V — that 
is, if u is the symplectic form on the fibres of X, then Vu is the symplectic form on the 
fibres of X. 

Then Vu determines a Poisson structure, P, on X and, as usual, the complex struc- 
ture on B pulls back to a transverse complex structure I on X. 

Proposition 3.4.7. In this case, (P, I) comes from a generalized complex structure. 

Proof. The flat connection on X determines an integrable distribution, N, complemen- 
tary to the fibres, which determinines the decomposition of d, as in Lemma 13.3.11 Since 
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N is integrable, we have a triple complex, and the tensor terms 9 and 9 vanish. The flat 
connection is given by d + d, and since the connection is symplectic for u, we have that 
(<9 + d)u = 0. This splits according to degree as du = and Bu = 0. Then 

dd{Vuj) = (ddV)u + (dV)(du) - (dV)(du) +V(ddu) 
= 0+0-0+0 

We see that in this case equation (13.3. 101) is satisfied: 

d s a = dd{Vuj) = 0. 

As we remarked earlier, since the number of complex dimensions of X is 1, the other 
closedness conditions are trivial, and the choices a = and = satisfy the conditions 
of Theorem 13.3.41 □ 

3.4.2 Higher-dimensional smooth symplectic families 

We now consider smooth symplectic families whose fibres might have dimension greater 
than 2. In this case, we cannot integrate equation (13.3. lUj) over the fibres, as we did 
in Proposition 13.4.31 so the symplectic volume of the fibres has no obvious relation to 
the form a. The solution to this difficulty is to consider (13.3. lOj) as a condition on the 
fibrewise cohomology class of the symplectic form. Corresponding to any fibre bundle, 
there is a canonical flat connection on the relative, i.e., fibrewise cohomology, called the 
Gauss-Manin connection. 

We will show that, if a smooth symplectic family over a complex manifold comes from 
a generalized complex structure, then the cohomology of the symplectic form must be 
pluriharmonic with respect to this connection. If, furthermore, the family is compact and 
satisfies certain triviality conditions, then it is a symplectic fibre bundle. The triviality 
conditions are strong, however, and we give an example of a compact smooth symplectic 
family over a complex manifold which comes from a generalized complex structure but 
whose symplectic form is not flat in cohomology. 
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We describe the Gauss-Manin connection first in the real case for clarity, and then 
note how it may be complexified. For details, and a somewhat more general presentation, 
see [2Dj. 

Relative cohomology 

There is a natural filtration on the forms on 7r : X — > B, 

W(x) = f*df;df;d..., 

where F™ consists of the m- forms on X generated (over Q*(X)) by pullbacks of n- forms 
on B. Let X n ' k (X) = F™ +k / F™+ k be the associated graded object. 

Let S C TX be the vertical distribution; by Q k (S) we mean the sections of A*^*. 
Then there is a canonical isomorphism, 

A n > k (X) = 7c*Q n (B)®tt k {S). 

Each A n, *(X) is a differential complex, for the fibrewise differential ds — 1 <8> d, and thus 
a cohomology, 

H n,k (x) W e A"' fc (X) | d s a = 0} 

ds 1 ' ' d s k n > k -\x) 

Proposition 3.4.8. H^(X) is naturally isomorphic to the sections of a finite- dimensional 
vector bundle over B, whose fibre over x 6 B is 

(A n T*B) <S> H% R (7r _1 (a;)) . 

We give the correspondence, with proof omitted: a section over B of (A n T*B) g) 
H^ R (S) has representatives in each fibre. These may be chosen smoothly, giving an ele- 
ment of A n ' k (X). Conversely, given [p]d s G H^ s k (X), let p G A n ' k (X) be a representative, 
and produce a section of (A n T*B) cg> H k R (S) by taking, in each fibre, the <is-cohomology 
of p. 
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Remark 3.4.9. Since A. n+1 ' k ~~ l (X) = F%+£/F%+ k and A n ' k (X) = F^ +k /F^+ k , we get a 
short exact sequence of complexes, 

— > A n+1 ' k -\X) — -> F^ +k /F^+ k — > A n ' k (X) — > 0, 
giving rise to a long exact sequence in cohomology. 
Definition 3.4.10. The Gauss-Manin connection, 

V:H n d k {X)—,H n d ^ k {X), 
is the connecting homomorphism arising from the short exact sequence 

— > A n+1 ' k -\X) — > FZ +k /FZ+ k — > A n ' k (X) — > 0. 
Proposition 3.4.11. The Gauss-Manin connection is flat. 

Computing the connection 

If we choose a distribution N C TM complementary to S, then we have A n ' k (X) ~ 
Q n,k (X), where the bidegree n is the degree on N and k the degree on S. As in Lemma 
13.3. 1[ we get a decomposition d = ds + d + d + 8 + 6. This ds on VL n ' 9 agrees with 
the ds defined on A n, *(X) under the isomorphism. Under this isomorphism, then, the 
Gauss-Manin connection is just V = d + d, passing to ds- cohomology. 
We may complexify the above story, giving a decomposition 

C®Hl\X)= H d f(X), 

i-\-j=n 

where i and j are the holomorphic and anti-holomorphic degrees on B. With d and d 
again passing to cohomology, 

d : W d f(x) >//v;-" i ( .V) 

and d : H% k (X) < +1) ' fc (X) 
are the holomorphic and anti-holomorphic parts of V. 
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Conditions on symplectic families 

We now use the Gauss-Manin connection to state and prove higher-dimensional analogues 
of the results in Section 13.4.11 

Theorem 3.4.12. Let n : X — > B be a smooth symplectic family over a complex 
manifold with Poisson structure P and transverse complex structure I . Let u be its 
leafwise symplectic structure. 

If (P, /) comes from a generalized complex structure on X , then 

dd[io} ds =0. (3.4.1) 

In fact, dd[u}d s = if and only if there exists a such that dsct = 2iddu. 

Proof. In interpreting (13.4. ip . we consider 

ui G A 00 ' 2 (X) = l®n 2 (S), 

with notation as in the previous section. Since dsui = 0, we may reinterpret equation 
fl3XT0|) . 

dsa = 2iddu, 



in cohomology: 



[d s a] ds = [2iddu} ds 
= 2idd[u] ds . 



□ 



Corollary 3.4.13. Ifn : X — > B is a symplectic fibre bundle with compact fibres over a 
Riemann surface B, then the induced Poisson structure and transverse complex structure 
on X come from a generalized complex structure. 
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Proof. By the existence of local symplectic trivializations of X, we see that dd[u]d s = 0. 
Then by the second claim of Theorem 13.4. 12[ there is some a satisfying equation (13.3. 10p . 
But since B has complex dimension 1, as per Remark 13.3.51 equations (I3.3.7P through 
(13.3.91) are trivially satisfied. □ 

Remark 3.4.14. We call the condition (13.4. ip pluriharmonicity, in analogy with the con- 
dition on the volume function in Proposition 13.4.31 Let 7r — 1 (f7) ~ F x U be a local 
trivialization of ir : X — > B. Let {cr^, . . . , a^} be a basis for H% R (F), the second coho- 
mology of the fibre. If oj 6 A 00,2 (7r _1 ([/)), then 

Mxc/]d s = + . . . + fkO~k 

for some functions /i, . . . , f^. 

In this notation, the pluriharmonicity condition is just 

ddfi = 0, Vz. 

Proposition 3.4.15. Let n : X — > B be a smooth symplectic family over a compact 
complex manifold, with Poisson structure P, complex structure I , and fibrewise symplectic 
structure u. Furthermore, suppose H^ ,2 (X) has a flat trivialization over B. 
If (P,I) comes from a generalized complex structure, then [co]d s is flat. 

Proof. In the flat trivialization, [to]d s = fi&i + . . . + fkO~k, for flat basis sections ai and 
functions By Theorem 13.4.121 and the above remark, each /j is pluriharmonic. Since 
B is compact, by the maximum principle this means that each fa is locally constant. □ 

Lemma 3.4.16. Let n : X — > B be a smooth symplectic family over a connected complex 
manifold, with fibrewise symplectic form u. 

If [uj]d s is flat, then ir : X — > B is a symplectic fibre bundle for the symplectic 
structure u. 



Chapter 3. Generalized complex structures on symplectic foliations 73 



Proof. The argument is almost the same as for Proposition 13.4.5] in that case, it was nec- 
essary that u have the same cohomology class in nearby fibres in a local trivialization — a 
fact which in this case follows directly from the hypothesis that [u)]d s is flat. □ 

We summarize the situation for two particular cases where the hypotheses of Propo- 
sitions 13.4.151 and 13.4.161 hold: 

Theorem 3.4.17. Let it : X — > B be a smooth symplectic family over a compact 
complex manifold, which comes from a generalized complex structure. If B is simply 
connected, or if it : X — > B is a trivial bundle, then in fact X is a symplectic fibre 
bundle over B. 

Proof. If B is simply connected, then the Gauss-Manin connection trivializes H^' 2 (X), 
or if it : X — > B is trivial, this induces a trivialization of if™' 2 (X). In either case, 
the hypotheses of Proposition 13.4.151 are satsified, and thus the hypotheses of Lemma 
13.4.161 □ 

3.4.3 Generalized Calabi-Yau manifolds 

A generalized Calabi-Yau manifold (originally described in [19]) is a generalized complex 
manifold whose canonical line bundle is generated by a global <i#-closed spinor. 

Let 7r : X — > B be a generalized complex smooth symplectic family over a complex 
manifold. If B is Calabi-Yau — that is, if its canonical bundle has a closed generating 
section p B — then the spinor 

p = e iu A p B 

on X is enclosed for some closed 3-form H and generates the canonical bundle k for 
the generalized complex structure. Thus X is generalized Calabi-Yau. We remark that 
Example 13.4.181 below is generalized Calabi-Yau in this way. 

Example 3.4.18. In the higher- dimensional case, in contrast with surface bundles, the 
fact that a generalized complex smooth symplectic family is compact and connected does 
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not imply that it will be a symplectic fibre bundle. We give as a counterexample a 
generalized complex structure on a T 4 -bundle over T 2 . 
Consider the flat trivial bundle 

X = T 4 x C — > C. 

Let 01,62,63, 64 be the standard basis of 1-forms for T 4 , and let x + iy be the complex 
coordinate on the base. Let 

co = Ox A 6 2 + 83 A 4 + x 6»i A 6» 3 . 

Let iV C TX be the horizontal distribution, giving a decomposition d = ds + d + 3 and 
an extension of cu to X. Then dsoo = and <9<9c<; = 0, but Vw 7^ — indeed, V[o>]d s 7^ 0. 

Let A = Z + iL C C be the standard integral lattice. We will define a monodromy 
homomorphism A : A — > Aut(T 4 ) as follows: in the imaginary direction, = Id, and 
in the real direction, A(l) is the automorphism of T 4 which takes 62 to 62 — 63 and leaves 
the others fixed. Then 

A(l)* : oj 1 — > 6\ A 62 + 63 A 64 + (x — 1) 6\ A 63. 

Thus, at any m + in £ A C C, 

A(m + m)*(w(m + m)) = 6>i A 2 + O3 A 4 + (m - m) 6 X A 3 

= w(0) 

Then w passes to a) on the flat bundle X — X/ A. It is still the case that g^cD = and 
d3uj = 0, so with the choices a = and /3 = as in Theorem I3.3.4[ we see that these 
data come from a generalized complex structure. But [u)]d s is still not flat, so (X,u>) is 
not a symplectic fibre bundle. 



Chapter 4 

Nondegenerate type change 



This chapter is a joint project with Marco Gualtieri. Whereas in Chapter 3 we considered 
only regular generalized complex structures, in this chapter we study generalized complex 
structures with type change. Subject to a nondegeneracy condition, we show that a type 
change locus inherits the structure of a generalized Calabi-Yau manifold — in particular, 
given some compactness assumptions, it is a smooth symplectic family over an elliptic 
curve, of the sort discussed in the last chapter. Finally, we prove a normal form theorem 
for a tubular neighbourhood of a nondegenerate type-change locus; we use a Moser-type 
argument, integrating a family of generalized vector fields to generalized diffeomorphisms 
(see Definition I2.2.12[) which take the initial neighbourhood to the normal form. 

4.1 The setting 

Let M be a (2n > 4)-dimensional manifold and let J be a generalized complex structure 
on M with canonical line bundle K C A'T^M (Definition [3X6]). K projects to A°T£M = 
C x M, giving a section s 6 K*. Throughout this chapter, suppose that s intersects the 
zero section transversally — we say that J has nondegenerate type change. 

J is symplectic type wherever s ^ 0. Let D C M be the type-change locus, which 
equals the vanishing locus of s. Since s is a nondegenerately vanishing section of a 
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complex line bundle s, D is a smooth (2n — 2)-real-dimensional manifold. We assume 
furthermore that D is compact and connected. 

Remark 4.1.1. Though many of our results hold for any 2n > 4, a case of special interest 
is 2n = 6, since the 4-dimensional case has already been studied along similar lines (see 
[H]), and since the 6-dimensional case is of particular interest in compactifications of 
string theory. 

4.2 Generalized Calabi-Yau structure on the type 
change locus 

Proposition 4.2.1. Given the hypotheses of the previous section, J is type 2 on D, i.e. 
it has 2 complex dimensions. N*D is complex (and thus the other complex dimension 
lies in D ). Furthermore, if p = po + P2 + • • • is a local pure spinor in T(K) near x e D, 
then dp \ x 6 N± D. 

Proof. Like s, po vanishes nondegenerately at D. Thus dpo is nonvanishing at D and 
conormal to D. 

Since J is integrable (Definition EXTS]), 3I + (6 T(T C M © T^M) such that dp = 
txp2 + £ A po- On D, dp \o = ixPi\d- Since dp \rj is nonzero, so is P2\d, and thus p 2 
defines a 2-dimensional transverse complex structure on D. 

But then dpo\ x = ixPi\x is a (1,0) form, whose real and imaginary parts generate 
ND. So ND is complex and dp \ x e Nf t0 D □ 

The generalized complex structure on M will reduce to a generalized complex struc- 
ture on D: 

Proposition 4.2.2. There is a unique pure spinor a G T(A'T^D) defined globally on 
D such that, for any local pure spinor, p 6 F(K), generating the generalized complex 
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structure near D, 

p\d = dp A a. 

Proof. Let x £ D and let p = po + Pi + • • • be a nonvanishing section of .fT near x. Since 
ND\ X is complex, by the decomposition of pure spinors (Proposition I3.1.TU]) . 

p\ x = Q A r 

for some £ ^qU-D and r £ A'T^| X M. 

By Proposition 14.2.11 dp \ x £ iV^QDl^ also, and since N* Q D\ X is a complex line and 
dp 7^ 0, Q = cdp \ x for some c £ C. Let cr x := cr; then 

p|x = c?PoU A a x . 

If p' = / p £ T(-ft') is another choice of generating spinor near x, for some nonvanishing 
smooth function /, then 

dp'o = d(fpo) = p df + f dp 
so on D, dp' Q \ x = f dp \ x . As with p, we have 

p'\x = dp' \ x Aa' x 
fp\x = fdp \ x Aa' x 
dpo\ x Aa x = dp \ x Aa' x 

So a x and a' x differ by some multiple of dpo\ x . In particular, they agree when pulled back 
to D. We take a to be the pullback of o x to D at each point. □ 

Remark 4.2.3. For any vector field Y for which tydpo does not vanish (such a Y certainly 
exists locally), o is equal to the pullback of 

_ i Y p 

Lydpo 

to D. 
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Example 4.2.4. Let w and z be coordinates for C 2 , let w be a symplectic form on R 2n , 
and let closed 2-form. The generalized complex structure on C 2 x M? n given by the pure 
spinor 

p= (w + dw Adz) A e B+iuJ 

satisfies our hypotheses. The type change locus D corresponds to w = 0, and 

= L d w p 

= dzAe B+iuJ 

As we remarked, this a is only uniquely defined when pulled back to D 

In general, to characterize the local structure near a point in D, we use the following 
two theorems. 

Theorem 4.2.5 (Abouzaid, Boyarchenko [T|). If M is a generalized complex manifold 
andp G M, then there is a neighourhood ofp which is isomorphic (via diffeomorphism and 
B -transform) to a product of a symplectic manifold and a generalized complex manifold 
which is of complex type at the image of p. 

Theorem 4.2.6 (Cavalcanti, Gualtieri |9j). If M is a 4-dimensional generalized complex 
manifold whose type changes nondegenerately (i.e., s G T(K*) is transverse to the zero 
section as above), then about any point in the type change locus there is a neighbourhood 
isomorphic (via diffeomorphism and B -transform) to a neighbourhood of the origin in 
C 2 , with generalized complex structure given by the pure spinor 

p = w + dw A dz, 

where w and z are complex coordinates. 

Under our hypotheses, the type change locus D is of type 2, so by Theorem I4.2.5[ 
about any point x G D there is a neighbourhood which is a product of a symplectic 
manifold with a 4-real-dimensional manifold which is of complex type at x. Invoking 
Theorem 14.2.61 we conclude: 
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Proposition 4.2.7. About any point x G D there is a neighbourhood which is isomorphic 



to a neighbourhood of the origin in Example\4-2.4 



From this local model, we conclude that the reduced pure spinor a on D is generalized 
complex and closed; thus, 

Proposition 4.2.8. Under our hypotheses, D is a generalized Calabi-Yau manifold (as 



in Chapter 3, Section \3.4-3\). 



Remark 4.2.9. We do not address explicitly the possibilty of a twisting 3-form, H, as 
was discussed in the previous chapter. If we suppose that J is if-integrable, for real 
closed H ytz o, then Proposition 14.2.71 still holds, but the allowed isomorphisms include 
non-closed 5-transforms which shift H, and thus the spinor a is enclosed, and D is an 
if -twisted generalized Calabi-Yau manifold. 

In particular, a determines a symplectic foliation on D and a 1-dimensional transverse 
complex structure. According to our assumptions, D is compact and connected. For D, 
but also for any suitable generalized Calabi-Yau manifold, we may say the following. 

Proposition 4.2.10. If D is a compact, connected, generalized Calabi-Yau manifold of 
type 1 everywhere, and it has at least one compact symplectic leaf, then it is a smooth 
symplectic family over an elliptic curve (Definition \3.4-l\ )- Furthermore, if dim(D) = 4 
then D is in fact a symplectic fibre bundle. 

Proof. The degree-1 piece, a±, of a defines the complex structure transverse to the sym- 
plectic leaves. Since a\ is closed and annihilates tangents to the leaves, it is basic. 

Let S C D be a compact symplectic leaf and let U be a tubular neighbourhood of S. 
A contraction of U to S induces an isomorphism of their de Rham cohomology, and since 
o~i annihilates TS, it is cohomologically trivial on S and hence on U. Thus on U there is 
a holomorphic function z (01 = dz) which is constant on each leaf, and which identifies 
the leaf space of (a possibly smaller neighbourhood) U with a disc B C C. Then U is a 
fibre bundle over B. 
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In particular, S has trivial holonomy. Then by a result of Brunella [5] on transversely 
holomorphic foliations of complex codimension 1, since one leaf is compact, all the leaves 
are compact. 

The leaf space, E, is locally modelled on complex discs, and the projection has local 
trivializations, thus D is a fibre bundle over E. E is compact complex curve carrying a 
closed complex 1-form, dz; thus E is an elliptic curve. 

The final claim, which says that if dim(Z?) = 4 then the fibration has local symplectic 
trivializations, follows from Proposition 13.4.51 □ 

In our setting, where D is the type-change locus of M, dim(D) = 4 occurs when 
2n = dim(M) = 6, which is the case of special interest to us. 

4.3 Local structure near the type change locus 

We continue to assume that J is a generalized complex structure on M with nondegen- 
erate type change, as in Section 14.11 and that D is its type change locus. Using J, we 
will define a canonical generalized complex structure Jn on the total space of the normal 
bundle ND, and give some information about it. Then we will prove the existence of 
a Courant isomorphism ipo between a neighbourhood of the zero section of ND and a 
neighbourhood of D and such that i/jqJ = J^. 

4.3.1 Linear structure on ND 

We define the generalized complex structure on ND through a somewhat inelegant proce- 
dure of taking a limit under dilations. A more direct definition is not clear to us: because 
of the type change, any definition of Jn must implicitly take a derivative, so there is a 
limit happening somewhere; but the trick used in [9] in dimension 2n = 4 does not work 
for 2n > 4. 
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Definition 4.3.1. Suppose we have chosen some embedding of a neighbourhood of ND C 
ND into M so that, abusing notation, ND C M. This determines a family of dilations 
(ft of iV/} C M which scale each fibre by t G R. The linearization of J with respect to 
this choice is 

Jm := lim till J = lim J t , 

where J t = (p* t J. If p G T(K) is a local pure spinor generating J near x E D, the 
linearization of p with respect to this choice is 

p N = lim rV* p = lim p*. 

Remark 4.3.2. p* as defined above generates J t . We include the factor t~ x in p*, which 
doesn't change the generalized complex structure, in order to ensure the limit exists. If 
p N exists and is generalized complex (which we will show), then it generates Jn- In what 
follows, we are concerned primarily with p and p 2 , since for a generically symplectic 
structure these determine p. Indeed, wherever p 7^ 0, 

p = poCo. 

Lemma 4.3.3. If p = po + P2 + • • • is a local pure spinor generating J near x G D, then 
there is a 1-form a and a 2-form 9 such that 

Pi = dp A a + poO. 

Furthermore, the pullbacks to D, i* D a and l* d 6, do not depend on the choice of a and 6. 
Proof. Since J is integrable, the 2-form P2/P0 is closed where it is defined, thus 

p dp 2 = dp p 2 . 

By continuity, this will be true even where po = 0. Then p 2 is the sum of a piece vanishing 
when po = and a piece which annihilates dpo. Therefore we may write 

P2 = dp Aa + p 9 (4.3.1) 
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For uniqueness, we rely on the fact that i* D dp = 0. For different such choices a, 9 
and a', 9', 

= p2 - p2 = dp A (a - a') + p (9 - 9'). 

On D, when p = 0, we see that a — a' is a multiple of dpo, and thus i* (a — a') = 0. 
Wedging the above equation with dpo, we get 

= + p d Po A(9 -9'). 

Away from D, when po 7^ 0, we have dpo A (9 — 9') = 0, and by continuity this must 
extend to D. Again, t*(9 - 9') = 0s. □ 

Proposition 4.3.4. The limit p N exists, and as a spinor on ND is independent of the 
choice of embedding ND C M. 

Proof. First we look at po- in this case we are just differentiating a function: 

Po = /jm t _ ViPo = w, 

where w is just dpo interpreted as a linear function on ND. This doesn't depend on the 
embedding of ND. 

Now we look at p2 ■ By Lemma I4.3.3[ we have 

p2 = 4 l i m 3 r VtP2 

= ton d(rVtVo) A V * t a + r^tfpo) <p* t 9 
= dw A L* D a + w t* D 9 

This expression does not depend on the choice of embedding, nor — as per Lemma 14.3. 31 — 
does it depend on the choices of a and (3. 

Thus without loss of generality we may compute po an d P2 for a convenient choice of 
coordinates. As per Proposition 14.2.71 near any point in D there are complex coordinates 
w and z, and a collection of real coordinates which we denote x, for which J is generated 
by 

p = {w + dw Adz) Ae B+!U . 
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(u is a symplectic form in the x's and B is a closed 2-form.) These coordinates give us a 
choice of embedding of ND (fibres have constant z and x), and thus a means of scaling 
(by w i — > tw). In the limit, with coordinates w and z reinterpreted as coordinates on 
ND, we have 

p N = ( w + dw A tfe) A e L ° B+jw . (4.3.2) 

We conclude that, regardless of our choices, p N = p^ exp(p^ / p$ ) exists and is gen- 
eralized complex; thus it generates Jn- □ 

Corollary 4.3.5. J/v exists and is generalized complex. 

Remark 4.3.6. ( I4.3.2p gives us a concrete local description of J N on ND. It is given 
by a linear holomorphic Poisson structure wd w A <9 Z , with w G r(iV*.D), times a local 
symplectic leaf in D. As per Remark 13.1.111 in Chapter 3, the B-field l* d B is globally 
defined on D only up to forms of complex bidegree (2,0) + (1, 1). If C D B has a closed, 
real extension to Q 2 (D), then we may subtract it away by a 5-transform, but this may 
not be possible in general. 

4.3.2 Equivalence of local and linear structures near the type 
change locus 

Remark 4.3.7. We make the general observation — a consequence of Hadamard's lemma — 
that if a smooth tensor 9 on the total space of ND goes to zero under the dilation, i.e., 

lim <pW = 0, 

t — >o 

then the convergence is smooth in t. 

Recall that, as described in Chapter 2, Section 12.2.31 a generalized vector field inte- 
grates to a family of Courant automorphisms; and if we differentiate the pushforward (or 
pullback) of a generalized complex structure under these automorphisms, we have the 
infinitesimal action of a generalized vector field on a generalized complex structure. 
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Lemma 4.3.8. If 6 is a closed 1-form and J a generalized complex structure, then the 
infinitesimal action of the generalized vector field J(Q) on J is trivial. 

Proposition 4.3.9. The generalized complex structures J and are isomorphic in a 
neighbourhood of D. 

Proof. Fix an embedding of ND in M. We will show that all of the structures in the 
family J t , t G [0, 1] are isomorphic in a neighbourhood of D, by defining a family ip t of 
Courant automorphisms fixing D so that Jt = if)* J. 

ifi t will be defined by integrating a family, v t , of generalized vector fields vanishing 
at D (Definition 12.2.121) . If we can find v t such that C Vt J t = Jt, then the resulting if> t 
(defined in a neighbourhood of D) satisfies our requirements. 

For t > 0, we already have Jt = ft J- The family tp t is generated by the vector 
field t x = t~ x Xi where x = Re{wd w ) is the Euler vector field on the fibres. Note 
that tplx — X f° r ari Y t > 0, so blows up at t = 0, and does not itself satisfy our 
requirements. 

As in Example 14.2.41 and (14.3.21) . let dz be the degree-1 part of a, pulled back to ND. 
For t > 0, let 

^ = rV:(x-Re(J(efe))). 

Since x an d dz are invariant under ip*, v t = t^(x ~ Re(J t (dz))) . Since dz is closed, by 
Lemma I4.3.8[ 

£v t Jt = £t- i xJt — Jt- 

Inspecting the normal form on ND, equation f|4.3.2[) . we see 

lim J Adz) = JN(dz) = wd w . 
t — >o 

Then 

lim tv t = lim (y — Ke(Jt(dz))) = 0. 
t — >o t — >o 
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As per Remark I4.3.7[ lim v t exists. Then v t integrates to ip t near D, for t G [0, 1], and 

(plJ = lim ibl.1 = J N . 
u i — >o 

□ 

Combining Proposition 14.3.91 with Remark I4.3.6[ 

Proposition 4.3.10. If D C M is the nondegenerate-type- change locus of a generalized 
complex manifold, then (as we have said) it inherits a generalized Calabi-Yau form, a, 
of type 1, and it has a neighbourhood which is isomorphic to a neighbourhood of the zero 
section in the following construction: 

Example 4.3.11. Let p : X — > D be a holomorphic line bundle over D, with canonical 
bundle X± . Then X± Ap*a is a well-defined spinor bundle giving a regular generalized 
complex structure of type 2 on the total space of X. If L is the — z-eigenbundle of this 
structure, then let /3 C T(A 2 L) be a holomorphic Poisson structure on X which is linear 
in the fibres. Then /3 deforms X^ A p*a to give a generalized complex structure with 
nondegenerate type change along the zero section. 



Chapter 5 

Generalized complex flat principal 
bundles 



In this chapter, we study generalized complex manifolds of mixed type with group sym- 
metry. If we suppose that the group action (in some generalized sense) is free and proper, 
then we will have something like a principal bundle. 

A generalized complex structure induces a Poisson structure, and if the symplectic 
foliation is complementary to the orbits, we will have something like a flat connection. 
We study this case in Section [5731 In order to do so, in Section [5721 we define a generalized 
version of equivariant, flat fibre bundles, and then we prove that free and proper gener- 
alized complex group actions (satisfying the complementarity condition) are examples of 
such bundles. 

Classifications of bundles with flat connections are well-known, and we prove similar 
classification results in the generalized geometric context (see Proposition 15.2.10]) . As a 
consequence of the Courant automorphism group being larger than the diffeomorphisms, 
the classification includes data corresponding to "non-geometric" degrees of freedom. 
We describe this concretely in the case of generalized complex principal torus bundles, 
in Section 157^1 
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5.1.1 Courant algebroids 

In this section we consider generalized complex geometry from the perspective of abstract 
Courant algebroids. Our presentation of this formalism is close to that in [5] . For proofs, 
and details, see [IT] . 

Definition 5.1.1. A Courant algebroid £ on a manifold M is a vector bundle on M 
with the additional data of a bracket, [•, •] : T(E) x T(E) — > T(E), a nondegenerate 
symmetric bilinear pairing, (•, •) : E 2 — > E, and an anchor map, it : E — > TM, such 
that, if ei, e 2 , e 3 G T(E) and / G C°°(M), then 

1. [ei, [e 2 , e 3 ]] = [[ei, e 2 ], e 3 ] + [e 2) [ei, e 3 ]], 

2- [ei, fe 2 ] = f[e u e 2 ] + (7r(ei) • /) e 2 , 

3. 7r(ei) (e 2 , e 3 ) = ([ei, e 2 ], e 3 ) + (e 2 , [ei, e 3 ]), and 

4. 2[ei,ei] = ir*{d (e 1; d)). 

We identify with by the nondegenerate pairing, explaining the meaning of (j4j). 
is called ea;aci if the following sequence is exact: 

— ► t*m •>/•; : >v.\/ — >■ 0. 

By convention, for an exact Courant algebroid we consider T*M C -E to be an inclusion, 
and omit mention of 7r*. 

Definition 5.1.2. Let £"m and E^ be Courant algebroids on M and AT, and let ip : 
M — > N be a diffeomorphism. A Courant isomorphism covering is a vector bundle 
map $ : £^ — )■ E N covering <p which respects the structures [•, •], (•, •) and ir. (It follows 

that 7T O $ = (f* O 7T.) 
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There are nontrivial automorphisms of E over the identity diffeomorphism, consisting 
precisely of the ^-transforms: 

Definition 5.1.3. If B is a closed 2-form on a manifold M, the S-transform of a Courant 
algebroid E on M is the map 

e B : e i — > e + t n ( e )B. 

Any exact Courant algebroid on M is isomorphic (by a choice of isotropic splitting 
of T*M — > E — > TM) to a standard Courant algebroid T H M = TM © T*M; in this 
case n projects to TM, (•, •) is \ the natural pairing between TM and T*M, and if 
X,Y G r(TM) and £77 G T(T*M) then 

[X + e, y + V] = [X, Y] + £ xV + tydti + i x i y H 

for some closed 3-form H . If iJ = we will just write TM for T#M. 

5.1.2 Generalized complex structures on Courant algebroids 

Definition 5.1.4. A generalized complex structure J on a manifold equipped with an 
exact Courant algebroid E is a fibrewise complex structure on E ( J : E — > E, J 2 = —1) 
which is (•, ^-orthogonal and whose +i-eigenbundle is [•, •]-involutive (in C®E). A gen- 
eralized complex isomorphism is a Courant isomorphism which respects the generalized 
complex structures. 

Remark 5.1.5. The map no Jon* : T*M — > TM induces a Poisson bivector on M. The 
kernel of this map, i.e., J(T*M) HT*M, inherits a complex structure. That is, J induces 
a Poisson structure, and a complex structure transverse to its symplectic foliation. 

Example 5.1.6. If u is a symplectic form on M, then up to isomorphism there is a 
unique generalized complex structure inducing u~ l as its Poisson structure: 

-co- 1 
u 



Jul 



: TM — > TM 
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Example 5.1.7. If I : TM 



TM is a complex structure, then there is a family of 



generalized complex structures inducing I (and trivial Poisson structure), called twisted 
complex structures. Up to isomorphism, they correspond to 



In this case, the integrability condition entails that H must be a real closed 3-form of 
bidegree (1, 2) + (2, 1) in the Dolbeault complex. 

A generalized complex structure is invariant under a 5-transform precisely when B 
is a real closed 2-form vanishing on the symplectic foliation and of bidegree (1,1) in the 
transverse complex structure. In particular, J u has no nontrivial 5-transforms. 

Definition 5.1.8. If Em and En are Courant algebroids on manifolds M and N re- 
spectively, then we define the product algebroid Em X En on the manifold M x N as 
follows. 

The total space of Em x En is just the (non-fibred) Cartesian product, the anchor map 
is the product map, and the pairing is the product pairing with Em -L En- Transversely 
flat sections of Em x Ojy, i.e., those which are flat along N, inherit a bracket from Em, 
and similarly for transversely flat sections of En- The bracket between transversely flat 
sections of Em and En vanishes. All other brackets are determined from these along 
with the Leibniz rule (Axiom (2) in Definition 15. 1.1)) . 

If Jm and Jn are generalized complex structures on Em and En, then their product, 
Jm x Jn, is a generalized complex structure on Em x En 

Definition 5.1.9. A generalized complex structure is regular at a point x if its induced 
Poisson structure is regular at x. 

Theorem 5.1.10 (Gualtieri [LT]). If a generalized complex structure is regular at x, 
then there is a neighbourhood of x on which it is isomorphic to J u x Jj on a subset of 



-I 




I* 
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TIR 2 " x TC k , for the standard symplectic structure u on R 2n and complex structure I on 
C k . 

Remark 5.1.11. In the above theorem, to decompose a neighbourhood in M as product 
U C M? n x <C h , one must specify a complementary foliation to the symplectic foliation, 
which will correspond to the copies of C fc . This choice is not unique. In fact, we augment 
the result with the following trivial observation of the original proof (see [IT]): 

Proposition 5.1.12. In Theorem \5.1.1(K any foliation complementary to the symplectic 
foliation, with respect to which the leafwise symplectic form is invariant, may be chosen 
to correspond to the complex leaves in the normal form. 

5.1.3 Equivariance 

Definition 5.1.13. In this chapter, we will consider only left actions. If G is a Lie group, 
then a generalized (left) G -action on a manifold M equipped with Courant algebroid E 
consists of a (left) G-action on E by Courant automorphisms. In particular, this covers 
an action of G on M in the usual sense. 

If M has a generalized complex structure J on E, then a generalized complex G-action 
on M acts on E by generalized complex automorphisms. 

Remark 5.1.14. This notion of action in generalized geometry is somewhat different from 
that in [6]. They require that the group action be generated by the adjoint action of 
some sections of the Courant algebroid. This difference comes to the fore later in the 
chapter; we consider families of generalized complex structures which have symmetries 
in our sense, but for many of which there would be no corresponding lifted action in the 
sense of [6]. 
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5.2 Flat fibre bundles in generalized geometry 

Most of the conceptual issues in extending the usual notion of flat fibre bundles to 
generalized complex manifolds are related to the introduction of the Courant algebroid 
structure; thus, for the sake of clarity we separate the definition of generalized flat fibre 
bundles (without generalized complex or equivariant structure); then it is straightforward 
to add these additional structures. 

Remark 5.2.1. We have only defined Courant isomorphisms. The language of general 
Courant morphisms (see [23]) is more than we need here, though in our case a definition 
in those terms would in the end be equivalent to what we give below. 

5.2.1 Generalized flat fibre bundles 

Definition 5.2.2. A generalized flat fibre bundle consists of the following data: a fibre 
bundle ip : X — > B of smooth manifolds, with fibre F; exact Courant algebroids Ep, 
Ex and Eb on F, X and B respectively; a generalized horizontal distribution S C Ex 
such that Ex = S ® S L . (We call S 1 - the generalized vertical distribution.) 

Furthermore, we have the data of a map \& : S — > Eb, covering the projection if). 
Finally, these data should satisfy a condition of local triviality: 

About any point b G B, there is a neighbourhood U C B such that there is an 
isomorphism of Courant algebroids, 

Eb\u x Ep ~ (S @ S x )\j,-i(u) = E x \ip-i(u), 

where this identification matches the respective terms; that is, S is identified with copies 
of Eb, while S x is identified with copies of Ep. We require that, with respect to this 
identification, \1/ is just the projection of S onto Eb\u- 

Example 5.2.3. Let F = S 2 , let X = R x S 2 , let B = R, and let ip : X — > B be 
the projection of X to the first factor. The trivialization of X — > B determines a flat 
connection. First, we consider the trivial "generalization" of this flat fibre bundle: 
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Let E F = TF, let E x = TX and let E B = TB. The horiztonal and vertical dis- 
tributions in TX induce decompositions TX = (TB x F) © {B x TF) and T*X = 
(T*B x F) © (B x T*F), and thus the decomposition 

F x = (TF x F) © (B x TF). 

Let the generalized horizontal distribution be the first summand, and the generalized 
vertical distribution be the second summand. With the projection of the first summand 
to TB, this determines a generalized flat fibre bundle, as in the definition above. 

Now we consider a further construction: let Z act on Eb = TR by pushforward of 
translation. Let u be a volume form on F = S 2 , and let Z act on E x such that 1 acts, 
first by F-transform of the vertical component E F by uj, and then by pushforward of 
horizontal translation. These two Z-actions are Courant automorphisms and, since the 
F-transform does not affect the generalized horizontal distribution, they commute with 
the Courant projection map. 

Thus, Fx/Z — > Eb/% is a generalized flat S 2 bundle over S 1 . Its monodromy is 
nontrivial in the F-transforms, though the underlying (non-generalized) flat fibre bundle 
is just S 2 x S 1 . 

We give two kinds of additional structure on generalized flat fibre bundles: 

Definition 5.2.4. A generalized complex flat fibre bundle consists of a generalized flat 
fibre bundle as defined above, with the additional data of generalized complex structures 
Jf, J and Jb on E F , Ex and Eb respectively, and the additional condition that the 
product in the local trivializations be a product of generalized complex structures. 

Let G be a Lie group. A (left)-equivariant generalized complex flat fibre bundle with 
group G (or generalized complex flat (left) -G -bundle for short) consists of a generalized 
complex flat fibre bundle, with the additional data of (left) G-actions by generalized 
complex automorphism on Ex and E F , and the additional condition that the product in 
the local trivializations respect the group action. 
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Remark 5.2.5. We draw some immediate conclusions from Definition 15.2.21 by inspecting 
the local trivializations: 

• ir(S) is complementary to the fibres, while ^(S- 1 ) is tangent to the fibres. 

• T*X R S is the conormal bundle to the fibres. 

• Both 7r(S) and tt(S ) C TX are integrable distributions. 

• 7f(S) is the horizontal distribution for a flat connection for the (non-generalized) 
fibre bundle if) : X — > B. 

Our tactic in understanding an isomorphism between generalized flat fibre bundles will 
be to see how it acts in the local trivializations. The local trivializations are almost 
unique, in the following sense: 

Proposition 5.2.6. If 



are two local trivializations over the same connected neighbourhood U C B, and if ' T\ = r 2 
over a single point x G U, then n = r 2 . 

Proof. In the non-generalized geometric context, this is a well-known fact. Thus, T\ and 
r 2 cover the same diffeomorphism. As maps between Courant algebroids, they may differ 
by a S-transform, i.e., there is a closed 2-form B such that 



Since T\ and r 2 respect the decomposition of Ex into S®S , we may write B = Bs+B s ±, 
where the terms vanish on ir(S x ) and ir(S) respectively. But B$ = 0, since n\s and t 2 \s 



B s ± is closed and vanishes on it(S), therefore it is basic with respect to the horizontal 
foliation, i.e., it is horizontally flat. But by hypothesis B s ± vanishes on some fibre, so it 




7-- 1 o n = e B . 



are determined by compatibility with the projection \& : S 



E B . 



vanishes on all fibres. 



□ 
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Definition 5.2.7. We define the deep bundle, 

ipop-.S 1 - — >B, 

with fibre equal to the total space of E F . The deep bundle has a canonical flat connection 
coming from the local trivializations. 

Parallel transport by this flat connection respects the Courant algebroid structure, 
the local trivializations, and the generalized complex and equivariant structures when 
applicable. 

5.2.2 Classifications 

Definition 5.2.8. Let E x — > E B be a generalized flat fibre bundle with fibre F. Fix 
a basepoint b G B, and an identification ~ F. Each loop based at b (up to 

homotopy) induces a Courant automorphism of E F by parallel transport via the flat 
connection on the deep bundle. Then the connection induces a monodromy map 

A : 71-1(5, b) — > Aut(E F ), 

from the fundamental group of B to the automorphism group of E F . If the bundle is 
also generalized complex, then A maps into Aut (E F , J F ), the generalized complex au- 
tomorphisms of E F . And if furthermore the bundle is equivariant, then A maps into 
Aut G (E F , J F ), the equivariant generalized complex automorphisms of E F . 

Definition 5.2.9. Let ty 1 : E Xl — > E B and ^ 2 : E x , 2 — > E B be generalized flat 
fibre bundles over a common base B, with generalized horizontal distributions Si and 
S 2 respectively. Then an isomorphism between them is an isomorphism of Courant 
algebroids, $ : E Xl — > E x , 2 , such that ®(Si) = S 2 and $ o * x = * 2 o $. 

As we add more structure, we require isomorphisms to satisfy more conditions. For 
example, fix a distinguished common fibre F over b G B, and fix the identification 
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Ep = Si \p = S2 \p; then with these extra data, an isomorphism $ is as above, with the 
additional condition that $|e F is the identity. 

If : — > Eb are generalized complex flat fibre bundles (as in I5.2.4[) . then an 
isomorphism $ should furthermore respect the generalized complex structure; if they are 
also equivariant, then <3> should be an equivariant isomorphism. 

As is well-known, (non-generalized) flat bundles with a distinguished fibre are clas- 
sified by their monodromy (see, eg., [25J). Applying this standard result to the deep 
bundle, we will prove the following generalized version: 

Proposition 5.2.10. Suppose that B is a connected manifold with exact Courant alge- 
broid Eb, and let b G B. Let F be a manifold with exact Courant algebroid Ep. 

Then, up to isomorphism, generalized flat fibre bundles over base B, with fibre F over 
basepoint b (and the corresponding Courant algebroids Eb and Ep), are in one-to-one 
correspondence with the set of their monodromies, 

Rom(-Ki(B,b),Aut(Ep)). 

Suppose furthermore that Eb and Ep have generalized complex structures Jb and 
Jp. Then, up to isomorphism, generalized complex flat fibre bundles over B, with fi- 
bre F over b (and the corresponding generalized complex structures), are in one-to-one 
correspondence with 

Hom(7T 1 ( J B, b), Aut(E F , J F )). 

Finally, suppose furthermore that Ep has a generalized complex G-action. Then, up 
to isomorphism, generalized complex flat G-bundles over B, with fibre F over b (and the 
corresponding generalized complex and equivariant structures), are in one-to-one corre- 
spondence with 

Hom(7r 1 ( J B, b), Aut G (E F , J F )). 

Proof; uniqueness, given the monodromy. Suppose that X\ — > B and X2 — > B are two 
generalized flat fibre bundles over base B, with fibre F over basepoint b, and suppose 
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furthermore that they have the same monodromy, A = Ai = A 2 . We will show that they 
are isomorphic. 

Since A is just the monodromy for their deep bundles S± — > B and — > B, 
according to the usual classification of flat bundles, there is a flat bundle isomorphism 
respecting the base and the distinguished fibre, 




covers a bundle map (f : X 1 — > X 2 . We will specify how ^l^x extends to a 
generalized isomorphism 

$ : E Xl — > E X2 

covering tp. 

Let x E Xx, and let v G E Xl \ x . We see from the local trivializations that the 
generalized bundle projection map, \l/ 2 , is a bijection from S^l^x) to E B \^ x y Thus, the 
map ^/ 2 1 o vE^ takes the fibre Si\ x to S 2 \ lfi ( x )- 

In this way we define ^\s 1 '■ Si — ^ and thus the whole map 

$ = $| Si + $| SjL : E Xl — > E X2 . 

$ respects local trivializations; from this we deduce that it is a Courant isomorphism, 
and that it is a flat generalized bundle map. 

In the latter two cases of the proposition, it follows from the compatibility of $ 
with local trivializations that it will respect the generalized complex and equivariant 
structures, respectively. □ 

Proof; existence. For any given monodromy A : iri(B,b) — > Aut(E F ), it is easy to 
exhibit an example bundle. Let B be the universal cover of B, and let X = B x F with 
Courant algebroid E x = Eg x Ep. We choose the horizontal bundle S = Eg. 

The monodromy A, together with the action of ni(B,b) on X = B x F, induces 
an action of the discrete group iri(B,b) on E x = Eg x Ep, by first applying a deck 
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transformation to Eg and then applying the corresponding monodromy to E F . Then 
X := X/ir(B,b) with Courant algebroid E x ■= E^/n(B,b) is a generalized flat fibre 
bundle over B = B/n(B,b), with the desired monodromy. 

In the latter two cases of the proposition we see that, since the monodromy respects 
the generalized complex and equivariant structures respectively, so will the deck trans- 
formations, and thus these respective structures will pass to the quotient. □ 

5.3 Flat principal bundles from free and proper group 
actions 

To justify the definitions given in the previous section, we should show that the setting 
mentioned in the introduction is actually an instance of them. 

Definition 5.3.1. Let G be a Lie group. We will say that a manifold X with generalized 
complex structure J on an exact Courant algebroid E has a transversely symplectic 
generalized complex G-action if G acts by generalized complex automorphism on E, and 
the symplectic foliation of X is everywhere complementary to the orbits of the induced 
action on G. 

We will say this generalized complex action is free and proper if it is free and proper 
on E. 

Remark 5.3.2. As is well-known, for (non-generalized) manifolds, if G acts freely and 
properly on X then the quotient map ip : X — > X/G is a principal G-bundle. And 
if a symplectic foliation is complementary to the orbits of G, then it induces a flat 
connection for tp : X — > X/G in the usual sense. We note that since the orbits, 
and hence the complementary symplectic foliation, are of constant rank, the generalized 
complex structure is regular. 

We wish to define a generalized complex flat G-bundle from these data. Recall that 
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if K, and J 7 are complementary foliations of a manifold X, then there is a natural decom- 
position 

T*X — T*K, © T*T. 

Definition 5.3.3. Suppose J is a generalized complex structure on Courant algebroid 
E — > X, with symplectic foliation JC, and suppose that G acts by transversely symplectic 
generalized complex action, with orbit foliation T on X. Then the lifted symplectic 
distribution is 

S = J{T*fC) © T*/C C E (5.3.1) 

and the lifted orbit distribution is S^. 

If this action is free and proper, then the generalized complex quotient is a manifold 
B = X/G with Courant algebroid E B = S/G and generalized complex structure J B = 
As/G. 

Remark 5.3.4. By definition, S and S 1 - are J-invariant, and since /C is symplectic, we 
have that S ~ T/C © T*JC; so S is nondegenerate under the pairing and E — S © S*- 1 . 
Then since the G-action is generalized complex, the Courant algebroid structure of E 
passes to E B , and J B is a generalized complex structure on E B . 

Definition 5.3.5. If, as above, G acts by a transversely symplectic generalized complex 
action on X, with lifted orbit distribution S 1 - C E, and if F C X is a closed orbit, 
then the orbit Courant algebroid of F is ^ = S ,j -|f, with pairing (•, •) and anchor map 
7r : E F — > TF inherited from E. The fact that E F also inherits a unique bracket, 
and that the orbit generalized complex structure Jf = J\e f is generalized complex, is a 
consequence of the following result. 

Proposition 5.3.6. Let X be a connected, finite- dimensional manifold with generalized 
complex structure J on exact Courant algebroid E, and let G act freely and properly 
by transversely symplectic generalized complex action. Then X is a generalized complex 
flat G -bundle, with generalized horizontal distribution S equal to the lifted symplectic 
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distribution and vertical distribution S- 1 , with the generalized complex quotient as base 
and, for any orbit F G X , the orbit generalized complex structure as the fibre. 

Furthermore, the orbit generalized complex structure is of complex type and the quo- 
tient generalized complex structure is symplectic (as in Examples \5.1.7\ and \5.1.6)) . 



There is an analytic claim hiding in this result. In particular, if the generalized com- 
plex structure were not integrable, then we should not expect the remaining hypotheses 
even to give a generalized flat fibre bundle. However, we accomplish the necessary anal- 
ysis by resorting to the local normal form theorem, Proposition 15.1.101 

Proof. As noted, X — > B = X/G is a flat principal G-bundle in the non-generalized 
sense. We construct local trivializations for the Courant algebroids E — > Eb, first 
locally in X, then locally near a fibre. 

Let F C X be a fibre (i.e., an orbit) and let x G F. (Since X is connected, any choice 
of fibre will do.) Since J is regular, by Proposition ^. 1. lOl there is a neighbourhood U C X 
of x on which J is isomorphic to the standard structure on a rectangle in C k x IR 2 ". Since 
the orbit foliation is complementary to the symplectic leaves and, by hypothesis, preserves 
the symplectic structure, by the augmented form of the theorem (Proposition 15. 1 .12]) . we 
may choose this product structure so that the orbits map into copies of C k . 

Thus we have a generalized complex trivialization, 

f:E\ v — ► TO 2 " x TC\ 

for a smaller bundle on U. If we repeat the construction of the lifted symplectic distribu- 
tion S, but now on TO 2 " x TC k , we find that S = TO 2 " x (C fc , 0) and S 1 - = (R 2n , 0) x TC k . 
Pulling this decomposition back to E\u, we endow the orbit Courant algebroid Ep\u with 
the Courant algebroid structure coming from T<C k . For this Courant algebroid structure, 
the orbit structure Jp is generalized complex. 

By the identification of Ep\u with a subset of TC k and of E B \u with a subset of TIR 2 ", 
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we have the trivialization 

r : E\u — > E B \u/ G x E F \ UnF . 
Now we consider the same construction for a neighbourhood W of some other y G F. 

Let 

r : E\w — > Eb\w/g x Ep\wc\F 

be the generalized complex trivialization on W . Note that r and r' will agree on 
Eu\unWnF] thus, if U fl W is connected and contains points in F, then by Proposition 
I5.2.6[ r and t' agree on Eu\unw- Thus, by taking local trivializations near every point in 
F, we may construct a generalized complex local trivialization on a neighbourhood of F, 
for which S is the generalized horizontal distribution and S is the generalized vertical 
distribution. 

Since the local trivializations were all Courant isomorphic, the algebroid structure 
thus defined on Ep is unique. It is clear from the local trivalizations that Jp is complex 
and Jb is symplectic. 

Finally, it is straightforward that the G-action respects the local trivializations: the 
local trivializations were uniquely determined by the generalized complex geometry and 
the orbit foliation, which are invariant under the action. □ 

Remark 5.3.7. It is tempting to try to apply the classification result (Proposition I5.2.T0]) 
to classify free and proper, transversely symplectic generalized complex G-manifolds — 
given data about the orbits, the quotient and the monodromy. However, the setup in 
Proposition 15 . 2 . lOl fixes a base and a distinguished fibre a priori. As is well-known, there 
is some redundancy in this data, from the point of view of classifying G-manifolds. There 
will be a nontrivial equivalence relation on the classifying data for bundles, which will 
tell us whether they are isomorphic as G-manifolds. When the quotient is a surface, this 
is not hard to compute: see, for example, the classification of symplectic torus bundles 
in [29] for the general idea. 
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We do not pursue this in detail. Regardless, the classifying data (see Section I5.2.2P 
for generalized complex flat principal bundles, with symplectic base and complex fibre, 
do exhaust all possible free and proper, transversely symplectic generalized complex G- 
manifolds. 

5.4 Principal torus bundles 

We would like to further probe the case of Section 15.31 when the group G is a torus. 
5.4.1 Twisted complex tori 

To begin, we enumerate invariant twisted complex structures on tori. (For more general 
work along these lines, see [2].) A twisted complex structure induces a usual complex 
structure, and any invariant complex structure on a torus, G, may be determined by 
identifying the torus with R 2n /L ~ C n /L, where Z 2n ~ L C R 2n is some lattice, and 
then taking the standard complex structure, J, on M? n ~ C n . Let g = M? n ~ C n be its 
Lie algebra. 

Splitting and curvature 

Suppose that Jg is a generalized complex structure on a Courant algebroid Eq on G such 
that Jg induces the complex structure /, and suppose that the self-action of G lifts to a 
generalized complex action p : G — > Aut G (Eg, Jg)- 

Jg restricts to a linear generalized complex structure on the fibre Eg\ £ at the identity. 
We choose a splitting, Ec\ e — ^eG = g © g*, for which Jg is the standard structure, 

-/ 
I* 

Then, by the correspondence between g and tangent spaces of G, we get a splitting, 
Eq — TG © T*G, for the whole algebroid. Thus, without loss of generality, we suppose 
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that Jq is the standard generalized complex structure induced on T H G by /. 

This splitting may have a nontrivial curvature 3- form, H. Since H will be G- invariant, 
by the same correspondence as above, H corresponds to a 3-covector f) G A 3 q*. In fact, 
any f) G A 3 g* determines a closed, invariant 3-form. (Similarly as above, if G were non- 
Abelian, there would be a closedness condition on f).) Recall that if Jq is integrable then 
f) is real of bidegree (1, 2) + (2, 1). Thus, 

Proposition 5.4.1. An equivariant generalized complex torus of complex type and real 
dimension 2n is determined by a choice of 

• lathee ICR 2 ", (L~ Z 2n ), and 

• real curvature fj G i?e(A 1 ' 2 0* © A 2 'V) , (B = ^ 2n - C n j. 

Remark 5.4.2. The real dimension of Re (A 1 ' 2 ^* © A 2 ' 1 ^*) is n 2 {n — 1), since 



and reality fixes a choice in A 2,1 g*. 

5.4.2 Automorphisms of the torus 

Proposition 5.4.3. If G is a torus with invariant generalized complex structure Jq of 
complex type on an equivariant Courant algebroid Eg, then 



(where Re indicates the real subspace). 

Proof. As in subsection 15.4. H without loss of generality, we suppose that Jq is the stan- 
dard generalized complex structure determined by a complex structure I on ThG. A 
Courant automorphism of TjjG may be decomposed into a B-transform and a pushfor- 
ward by diffeomorphism. If the diffeomorphism is equivariant, it is just the action of 




Aut G (E Gl J G )~Gx Re(A ' q) 
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some g G G, and is automatically generalized complex. The S-transform corresponds to 
an invariant (1, l)-form. (Since B is invariant, it is automatically closed, and its action 
commutes with that of G.) □ 

Remark 5.4.4. If g = M. 2n , then the real dimension of Re(A 1,1 g) is n 2 . 
5.4.3 Summary: classifying data for bundles 

Remark 5.4.5. In the case of torus bundles, the monodromy maps, A : TTi(B,b) — > 
Aut G (Eg, Jg), are mapping into an Abelian group, as per Proposition 15.4.31 Thus, they 
are determined by their Abelianization. That is, we may equivalently consider maps 

A : ir?{B, b) ~ H^B) — ► Aut G (£ G , J G ), 

where Hi(B) is the first homology of the base. (See [29] for more details.) 

As per Propositions 15.2.101 15.3.61 15.4.11 and 15.4.31 and the above remark, generalized 
complex principal torus bundles whose symplectic leaves are complementary to the fibres 
are classified as follows: 

1. Choose a symplectic base manifold, B, with basepoint b. 

2. Choose a lattice L C R 2n , (L ~ Z 2n ). This determines a torus G = R 2n /L with 
invariant complex structure. 

3. Choose a real curvature f) 6 Re (A 2,1 g* © A 1,2 g*) , (g = R 2n ~ C n ). This determines 
an invariant generalized complex structure Jg on G. 

4. Then generalized complex principal G-bundles over base B, with distinguished 
generalized complex fibre G over basepoint b, are (up to isomorphism) in one-to- 
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one correspondence with the set of monodromies, 

nom(H 1 (B),Aut G (E G ,J G )) 
~ Hom(ffi(B), G x Re(A 1 ' 1 g)) 
~ Hom(fl'i(B),GxR na ) 

For example, if B is a compact surface of genus k, then Hi(B) ~ Z 2fc , and 

Hom(i? 1 ( J B) ) Aut G (£; G ,J G )) 
~ Hom(Z 2fc ,GxK" 2 ) 
~ G 2k x f R n J 

The second term represents degrees of freedom which do not occur in the case of non- 
generalized bundles, neither in the case of "lifted actions" in the sense of [5J. 
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